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1. Symmetric Triality Algebras 

This note is intented to be a brief review of recent works related to triality relations 
as well as to A 4 or S' 4 -synimetry (alternative or symmetric group of 4-objects) satisfied 
by some algebras, especially, Lie algebras. 

More precisely, we introduce the notion of triality algebras and describe constructions 
of Lie algebras or superalgebras from them. 

Let A be an algebra over a held F with bi-linear product denoted by juxtaposition 
xy. Suppose that some tj G End A for j = 0,1,2 satisfy the symmetric triality relation 

tj{xy) = {tj+ix)y + x{tj+ 2 y) (1.1) 

for any x,y E A, where indices j are dehned modulo 3, i.e. 

tj± 3 , = tj. 

We then call the triple t = ts) E (End A)^ be a symmetric Lie-related triple ([0.05]) 

and set 

soLrt{A) = {t= {tiA 2 A‘i)\tj{xy) = {tj+ix)y + x{tj+ 2 y)}- (1-2) 

For any two t, G s o Lrt{A), Tj^^ ^ End A dehned by 

Tj,k = [tj, 4 ] := 44 - t^tj, (j, /c = 0,1, 2) (1.3a) 

then satisfy 

Tj,k{xy) = (Tj+i^k+ix)y + x(Tj+ 2 ,k+ 2 y)- (1-36) 

Especially s o Lrt{A) is a Lie algebra with respect to the component-wise commutation 
relation. Moreover, it is endowed with a natural order 3 automorphysm 6 given by 


0 ( 4 , 442 ) — (4,4,4)- 

It is a generalization of the derivation Lie algebra 

Der{A) = {d\d{xy) = {dx)y + x{dy), Vx, y E A, d E EndA}. 

For any constants \j E F satisfying the condition Aj ±3 = Xj, then t' = (tg,t),t 2 ) dehned 
by 


tj ^ ^ Xj—iAk 
k =0 

belongs also to t' G s o Lrt{A), when we note 

2 

t = (4,4,4) = ^Aj044,ti,4)- 

j =0 

Especially, for the choice of Ag = Ai = A 2 = 1, 

d = to ti F t 2 

is a derivation of A, i.e. d E Der (A). 


(1.4) 
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Suppose now that A is also involutive with the involution map x ^x, satisfying 

X = X, xy = yx. ( 1 . 5 ) 

For any Q G End A, we introduce Q G End A by 

Qx = Qx. ( 1 . 6 ) 

We then note that for any two Qi,Q 2 G End A, we have 

01^2 = QiQ2- ( 1 - 7 ) 

Taking the involution of Eq.(l.l) and then letting x ^ y. it gives 

tjixy) = itj+2x)y + x{tj+iy) ( 1 . 8 ) 

so that 

{to,t 2 ,ti) E s o Lrt{A). ( 1 . 9 ) 

If we introduce a G End(s o Lrt{A)) by <j(to,tiA 2 ) = (to,t 2 ,ti), then a and 9 generate 
antomorphism gronp S '3 of s o Lrt{A), since we have 9a9 = a, and 9^ = = id. 

We next introduce the second bi-linear prodnct in the vector space of A by 


X'k y := xy = y X. (1-10) 

Then the resulting algebra A* which we call the conjugate algebra of A is also involutive, 

i.e., 

x-ky = y-k x{= xy) (l-H) 

where Eq.(1.8) is rewritten as the Lie-related triple relation ([A-F.93])). 

tj{xky) = {tj+ix)ky + xk {tj+2y)- (L12) 


A reason for introdncing A* is due to the following consideration. 

If A is a nnital algebra over the held F of characteristic not 2, then it is easy to show 
that we have to = ti = t 2 for s o Lrt{A) and hence s o Lrt{A) ~ Der(A), since for the nnit 
element e of A, it holds tj{xe) = tj+i{x)e + xtj+ 2 {e) and tj{e) = 0, j = 0,1, 2. 

However, A* could be unital, satisfying e k x = x k e = x. Then the relation is 
immediately translated into A to yield 


ex = xe = X. (1-13) 

We call e G A satisfying Eq.(1.13) be the para-nnit of A. 

Introdncing mnltiplication operators in A and A* by 


they satisfy 


L{x)y = xy, R{x)y = yx, (1.14a) 

l{x)y = xky, r{x)y = ykx, (1.146) 

L{x)R{y) = r{x)r{y) (1.15a) 

R{x)L{y) = (1-15&) 
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We note that an algebra A could have more than one involution. Moreover, it is often 
easier to deal with A rather than A* and we will discuss mostly relations involving A in 
this section, although they can be readily translated into those of A*. 

Lemma 1.1 

For any (to,ti,t 2 ) ^ so Lrt{A), we have 

[tj, L{x)R{y)] = L{x)R{tj+iy) + L{tj+ix)R{y) (1.16a) 

[tj, R{x)L{y)] = R{x)L{tj+ 2 y) + R{tj+ 2 x)L{y). (1.166) 

Proof 

We can rewrite Eq.(l.l) as 

tjL{x) = L{x)tj +2 + L(tj^ix), (1.17a) 

tjR{y) = R{y)tj+i + R{tj+2y)- (i.i76) 

Multiplying R{y) to Eq.(1.17a) from the right and L{x) to Eq.(1.17b) from the left, we 
obtain 

tjL{x)R{y) = L{x)tj+ 2 R{y) + L{tj+ix)R{y), 

L{x)tjR{y) = L{x)R{y)tj+i + L{x)R{tj+ 2 y)- 

Letting j —)■ j + 2 in the 2nd relation and adding it to the hrst one this yield Eq. (1.16a). 
Similarly from Eqs.(1.17), we hnd 

R{y)tjL{x) = R{y)L{x)tj +2 + R{y)L{tj+ix), 
tjR{y)L{x) = R{y)tj+iL{x) + R{tj+ 2 y)L{x). 

Letting j —)■ j + 1 in the first relation and adding it to the second one, we obtain 
Eq.(1.16b).n 

Def.1.2 

Let A be an algebra which possess dj{x, y) G End A for j = 0,1, 2 and for x,y ^ A, 
satisfying 
( 1 ) 

dj{y,x) = —dj{x,y) (1.18a) 

( 2 ) 

di{x, y) = R{y)L{x) - R{x)L{y) (1.186) 

d 2 {x, y) = L{y)R{x) - L{x)R{y) (1.18c) 

(3) 

{do{x, y), di{x, y), d 2 {x, y)) e s o Lrt{A), 

i.e, we have 

dj{x,y){uv) = {dj+i{x,y)u)v + u{dj+ 2 {x,y)v). (1.19) 

We call A then be a regular triality algebra. Note that a explicit form for do{x,y) is not 
specihed at all. 

If A satishes further 
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(4) 


[dj{u,v),dk{x,y)] = dk{dj_k{u,v)x,y) + dk{x, dj_k{u,v)y), 


( 1 . 20 ) 


and 

(5) 

do{x, p)z + doivy z)x + rfo( 2 , x)y ( 1 ' 21 ) 

in addition for any j,k = 0 , 1,2 and any u,v,x,y G A, then A is called a pre-normal 
triality algebra. 

The reason for introducing these dehnitions is due to the following considerations. To 
this end, we introduce 

Condition (B) 

We have AA = A. 

Condition (C) 

If some b & A satisfies either bA = 0 or Ab = 0, then 6 = 0. 

We can now prove: 

Proposition 1.3 

Let y4 be a regular triality algebra satisfying the condition (C). Then, A is a pre-normal 
triality algebra. More generally, we obtain the followings: 

If either condition (B) or (C) holds valid, we have 


( 1 ) 

[tj, dk{x, y)] = dk(tj-kX, y) -h dk{x, tj-ky) ( 1 - 22 ) 

for any t = (to,tiA 2 ) G s o Lrt (A). Especially for a choice of tj = dj{u,v), this 
implies the validity of Eq.(1.20). 

(2) doi x,y) is uniquely determined by Eqs.(1.18) and (1.19). 

(3) If A is involutive in addition with the involution map x ^ x, we have 


dj(x,y) = dz-j(x,y). 


(1.23) 


(4) Finally, if we assume the condition (C), then do{x,y) satishes Eq.(1.21). 


Proof 

For a proof of this Proposition, we first set 

Dj^k ■= [tj, dk{x, y)] - dk(tj-kX, y) - dk{x, tj-ky)- (1-24) 

Then, Lemma 1.1 immediately gives Dj i = Dj ^2 = 0 identically for any j = 0,1,2. 
Moreover Eq.(1.3b) for t^ = dk{x,y) together with Eq.(1.19) leads to 

Dj^kiuv) = {Dj+i^k+iu)v + u{Dj+2,k+2v). (1.25) 
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Setting k = 0, we find Dj^^uv) = 0 which gives Dj q = 0 if the condition (B) holds. If we 
choose /c = 1 or 2, then Eq.(1.25) implies 

u{Dj+2,ov) = 0 = {Dj+i^ou)v 

for any j = 0,1,2, and for any u,v E A. Therefore, under the condition (C), this gives 
DjQ = 0 again, proving the validity of Eq.(1.22). 

Next, the uniqueness of do{x,y) can be similarly proven as follows. Suppose that 
Eq.(1.18) and (1.19) allow the second solution for do{x,y) which we write as d^i^x^y). 
Then, 

(Ho, Hi, Hs) := {do{x, y) - cio(a;, y), 0, 0) G s o Lrt{A) 

so that 

Dj{uv) = {Dj+iu)v + u{Dj+2v). 

Choosing j = 0,1 or 2, and repeating the same reasoning, this gives Hq = 0, i,e., (io(a;, y) = 
do{x,y). 

If A is involutive, we have 

L{x) = R{x), R{x) = L{x), (1-26) 


so that 

di{x,y) = d 2 {x,y), and d 2 {x,y) = di{x,y) 

which satisfy Eq.(1.23) for j = 1 and 2. In order to show its validity for j = 0, we set 

Dj := dj{x, y) - ds-jix, y) (j = 0,1, 2) 
so that Hi = H 2 = 0. Moreover, Eqs.(l.l) and (1.8) imply now that we have 


Dj{,xy) = {bj+2x)y + x{bj+iy). 

Repeating again the same augument, we obtain Hq = 0. 
Finally, let us set 


A(a;) 


0, R{x) \ „ . 1 / dj{x,y), 0 

L{x), 0 0 , d,^bx,y) 


(1.27) 


Then, Eq.(1.19) with Eqs.(1.18) are equivalent to the validity of 


[Dj{x,y),k{z)] = k{dj+ 2 {x,y)z) 


(1.28a) 


if we note Eqs.(1.17) for tj = dj{u,v). Further, we see 


[A(a:),A(|/)] = -Di{x,y) 


(1.286) 


so that 


If we set 


[A(^), [A(a;), A(|/)]] = k{do{x,y)z). 
w = do{x, y)z + do(l/, z)x + do{z, x)y, 


(1.28c) 


then the Jacobi identity among A(a;)'s leads to k{w) = 0, or R{w) = L{w) = 0 so that 
we have tc = 0 under the condition (C). This completes the proof of Proposition 1.3.0 
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We also note the Eq.(1.20) gives 

[Dj{u, v), Dk{x, y)] = Dk{dj-k{u, v)x, y) + Dk{x, dj-k{u, v)y). (1.29) 

Therefore, A(; 2 ) and Dj(x,y) form a Lie algebra, although we will not go into details. 

Let 

g{A) = do^A, A') + d\{^A, A') + d2{A, A). (1.30) 

Then, Eqs.(1.20) and (1.22) imply that g{A) is a Lie algebra which is a ideal of the larger 
Lie algebra s o Lrt{A). Moreover, if we set j = k in Eq.(1.20), we obtain 

[dj{u, v), dj{x, y)] = dj{do{u, v)x, y) + dj{x, do{u, v)y) (1.31) 

so that dj{A, A) for each j = 0,1, 2 is also a Lie algebra which is a ideal of g{A). Therefore 
if g{A) is simple, and if dj{A, A) ^ 0, then we must have 

g{A) = do{A, A) = di(A, A) = d 2 {A, A). 


Corollary 1.4 

Let A be a pre-normal triality algebra. Then, the triple product dehned by 

[xyz] := do{x,y)z 

is a Lie triple product, i.e., it satishes 

(i) [x,y,z] =-[y,x,z] 

(ii) [x, y, z] + [y, z, x] + [^, x,y] =0 

(in) lu,v, [x,y,z\] = [[u,v,x\,y,z\ + [x, [u,v,y],z\ + [x,y, [u,v,z\]. 

Proof 

First, (i) follows trivially since do(y,x) = —do(x,y), while (ii) is a consequence of 
Eq.(1.21). Finally, (hi) is equivalent to the validity of Eq.(1.31) for j = 0. □ 

We next set 

D(x, y) := do(x, y) + di(x, y) + d 2 (x, y). (1.32) 

Then, D(x,y) is a derivation of A as d of Eq.(1.4). We further introduce Q(x,y,z) G 
End A by 

Q(x, y, z) := do(x, yz) + di(z, xy) + d 2 (y, zx). (1.33) 

Proposition 1.5 

(1) If A is a regular triality algebra, then 

(Q(x, y, z), Q(y, z, x), Q(z, x, y)) e s o Lrt(A),i.e., 

Q(x, y, z)(uv) = (Q(y, z, x)u)v + u(Q(z, x, y)v). 

Also,we have 

Q(x, y, z) + Q(y, z, x) + Q(z, X, y) = D(x, yz) + £)(», zx) + D{z, xy) 


(1.34) 

(1.35) 
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(2) Moreover, if A is pre-normal triality algebra, then 

Q{x,y,z)w ^ Q(w,y,z)x. 


(1.36) 


Further, if A is involutive with the validity of Eq.(1.23) in addition, it satishes also 


Q(x,y,z) = Q(x,z,y). 


(1.37) 


Proof 

By Eq.(1.19), we calculate 

do{x,yz){uv) = {di{x,yz)u)v + u{d 2 {x,yz)u) 
di{z,xy){uv) = {d 2 {z,xy)u)v + u{do{z,xy)v) 
d 2 {y, zx){uv) = {do{y, zx)u)v + u{di{y, zx)v). 

Adding all of these, we obtain Eq.(1.34). Similarly for Eq.(1.35). Since Eq.(1.23) gives 
dj{x,y) = d 3 _j(x,y), Eq.(1.37) follows immediately from Eq.(1.33). 

Finally in order to prove Eq.(1.36), we calculate 

Q(x, y, z)w - Q{w, y, z)x = {do{x, yz)w - d^iw, yz)x} 

+{di{z, xy) + d 2 {y, zx)}w - {di{z, wy) + d 2 {y, zw)}x, (1.38) 

and note 

do{x, yz)w — do{w, yz)x = —do{yz, x)w — do{w, yz)x 
= do{x, w){yz) = {di{x, w)y}z + y{d 2 {x, w)z} 

in view of Eqs.(1.21) and (1.19) for j = 0. Then, Eq.(1.38) becomes 
Q{x,y,z)w - Q{w,y,z)x 

= {di{x, w)y}z -f y{d 2 {x, w)z} + {di{z, xy) + d 2 {y, zx)}w 
-{di{z, wy) + d 2 {y, zw)}x 

= {{R{w)L{x) — R{x)L{w))y}z -f y{{L{w)R{x) — L{z)R{w))z} 

+{R{xy)L{z) — R{z)L{xy) + L{zx)R{y) — L{y)R{zx)}w 
—{R{wy)L{z) — R{z)L{wy) + L{zw)R{y) — L{y)R{zw)}x 
= {{xy)w}z — {{wy)x}z -t- y{w{zx)} — y{x{zw)} 

+ {zw){xy) — {{xy)w}z + {zx){wy) — y{w{zx)} 

— {zx){wy) + {{wy)x}z — {zw){xy) + y{x{zw)} = 0 

identically. This completes the proof. □ 

We note that Eq.(1.34),(1.36) and (1.37) are consitent with the ansatz of Q{x, y, z) = 0, 
and we further dehne the following. 

Def.1.6 

We call a pre-normal triality algebra be a normal triality algebra if it satishes Q{x, y, z) = 
0 in addition. The conjugate algebra A* of a normal triality algebra A satisfying Eq.(1.23) 
is called a normal Lie-related triality algebra (normal Lrt. algebra). More explicitly, it is 
dehned by 


di{x,y) = l{y)l{x) - l{x)l{y), 


(1.39a) 



d2{x, y) = r{y)r{x) - r{x)r{y) 


(1.396) 


dj{x,y){u'kv) = {dj+i{x,y)u) icv + uic (dj+ 2 {x,y)v) (1.39c) 

(iii) 

do{x, y)z + do{y, z)x + do{z, x)y = 0 (1.39(i) 

(iv) 

[dj{u, v), dk{x, y)] = dk{dj-k{u, v)x, y) + dk{x, dj-k{u, v)y) (1.39e) 

(v) 

Q{x, y, z) = do{x, y-kz) + di{z, x-ky) + d 2 {y, z-kx) = 0 (1-39/) 

(vi) _ 

dj{x,y) = d 3 _j{x,y). (l-395() 

We note that Eqs.(1.39 a-f) are simple rewriting of the corresponding relations for the 
normal triality algebra A, when we note, for example, Eqs.(1.15) for Eq.s.(1.39). If A* 
is unital with the unit element e, then both conditions (B) and (C) are automatically 
satished, because, hj xe = ex = x for any x, and by 6e = 0 ^ 6 = 0. Then, we can omit 
Eqs.(1.39,d,e,and g) since they are consequence of other postulates by Proposition 1.3. 
Moreover, if we set ?/ = e or = e in Eq.(1.39f) or alternately if we set m = e or n = e in 
Eq.(1.39c), then do{x,y) is determined to be 

do{x,y) = r(x ic y - y k x) + l{y)l{x) - l{x)l{y) (1.40a) 

= liykx — xky) + r{y)r(x) — r{x)r{y). (1.406) 

We can then redihne the structurable algebra of Allison [A. 78] to be a unital normal Lrt. 
algebra (see [0.05]): 

Def.1.7 


A pre-structurable algebra A* is a unital involutive algebra satisfying 

di{x, y) = l{y)l{x) - l{x)l{y), (1.41a) 

d 2 {x, y) = r{y)r{x) — r(x)r{y), (1.416) 

do{x,y) = r{xky -y-kx) + l{y)l{x) - l{x)l{y) (1.41c) 

= l{y kx — X ky) + r{y)r(x) — r{x)r{y) 


(ii) _ 

dj{x,y){uk v) = {dj+i{x,y)u) k V + uk {dj+ 2 {x,y)v). {lAld) 

Moreover if it satishes the additional condition 

(iii) 

Q{x,y,z) = do{x,fTz) + di{z,lcTy) + d 2 {y,'z^x) = 0, (1-42) 

then we call A* be a structurable algebra. ([K-0.14]) 

Remark 1.8 

If A is a normal triality algebra, then D{x,y) dehned by Eq.(1.32) is a derivation 
satisfying 

D{x,yz) + D{y, zx) + D{z,xy) = 0 (1-43) 
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in view of Eq.(1.35). In [Kani.95], any algebra A which posseses a derivation D{x,y) = 
—D{y,x) satisfying Eq.(1.43) has been called a generalized structurable algebra. There¬ 
fore, any normal triality algebra is a generalized structurable algebra if D{x, y) is nof triv¬ 
ial. Note that there exists a triality algebra with D{x,y) = 0 identically (see Eq.(2.20)). 

Many interesting algebra such as Malcev, structurable, admissible cubic algebra ([E- 
0.00]) and pseudo-composition algebra [M-0.93] are known to be generalized structurable 
algebras, (see [Kam.95],[O.05]). 

Remark 1.9 

We can generalize the idea to super-algebra ([K-O.OO]). Let A be Z 2 -graded as 


A = Aq® Aj. 


We write for simplicity 
where 


_ ^_^'jgrad X 


0, if X E Aq 
1, if X E Aj. 


grad X = 

Then, we replace the dehnition for dj{x,y)'s as 

diix,y) = {-lfyR{y)L{x) - R{x)L{y) 

d 2 {x,y) = {-lyyL{y)R{x) - L{x)R{y) 
while the triality relation Eq.(1.19) must be replaced by 

dj{x,y){uv) = {dj+i{x,y)u)v + (-l)("^+^^“M(dj+ 2 (a;, |/)n) 


(1.44) 

(1.45a) 

(1.456) 

(1.46a) 

(1.466) 

(1.47) 


etc. Then, all statements so for given in this section will proceed accordingly. 

2. Examples of Normal Triality Algebras 
Example 2.1,(Lie and Jordan algebra) 

Both Lie and Jordan algebras are normal triality algebras. Writing the bi-linear prod¬ 
uct of these algebras as xy, we have 


xy = eyx (2.1) 

for £ = -|-1 or — 1, respectively for Jordan or Lie algebra, so that 

L{x) = eR{x). 


Setting then 


d{x, y) := do(a:, y) = di{x, y) = d 2 {x, y) = -e[L{x), L{y)], (2.2) 

it is a inner derivation of these algebra, satisfying ([Kam.95]) 

Q{x, y, z) = d(x, yz) + d{y, zx) -|- d{z, xy) = 0. 
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Moreover Eq.(1.21) is a cosequence of the Jacobi identity for Lie, while it is trivially 
satished for the case of the Jordan algebra. 

Moreover, they are involutive with the involution 

X = +ex, 

so that they are also normal Lrt algebra with x -k y = xy = exy. 

Example 2.2,(Symmetric Composition Algebras) 

Let A be an algebra with symmetric bi-linear non-degenerate form < -I- > over the 
held F of charachteristic 7^ 2. Suppose that we have 

x{yx) = {xy)x =< x\x > y, (2.3) 

for x,y ^ A. Then, A is known as a symmetric composition algebra, since then it satishes 
also 

< xy\xy >=< x\x >< y\y >, < xy\z >=< x\yz > . (2.4) 

Conversely the validity of Eq.(2.4) gives Eq.(2.3) ([0-0.81]). Moreover, a symmetric com¬ 
position algebra is either a para-Hurwitz algebra or a eight-dimensional pseudo-octonion 
algebra. ([0-0.81], [0.95]) 

Here, the para-Hurwitz algebra is the conjugate algebra of the Hurwitz (i.e. unital 
composition) algebra. Any symmetric composition algebra satisfy the triality relation for 
the choice of 

do{,x,y) = 2{[L{x),L{y)] - R{\x,y])} (2.5a) 

or equivalently by 

do{x,y)z = 4{< x\z > y— < y\z > x}, (2.55) 

as has been noted in ([KMRT.98] and [E.97]), and it is a normal triality algebra ([0.05]). 

We also note that the para-Hurwitz algebra has the para-unit e but the pseudo- 
octonion algebra possesses neither unit nor para-unit. 

Example 2.3,(Tensor product) 

Let Ai and A 2 be two independent symmetric composition algebras. Then, their tensor 
product Ai (8) A 2 is normal triality algebra with (see [0.05]) 

Dj{xi^ X 2 ,yi®y 2 ) ■= df\xi,yi)^ < X 2 \y 2 >2 id+ < xi\yi >1 id^ df\x 2 ,y 2 ), (2.6) 

for xi,yi e Ai and X 2 ,y 2 e A 2 . 

As we will show in the next section, this case is relevant for a construction of the 
so-called Freudenthal’s magic square. 

Example 2.4 

Let A be a normal triality algebra with a order 3 automorphism <h(i.,e, = 1). 

Suppose that it also satishes 

Mo{x, y)^~^ = do{^x, ^y), (2.7) 
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which holds automatically if the condition (B) or (C) is valid. If we introduce then a new 
bi-linear product in the same vector space A by 

X o y = (2.8) 

then the resulting new algebra A^°'> is a normal triality algebra ([E-O. 07 ]), so that a 
symmetric composition algebra A is transformed into another symmetric composition 
algebra 74(°)([E.97]). 

As an example, consider the so{3) Le algebra: 

CiCj (b J f) 2 , 3 ) 

for a Levi-Civita symbol eijk- Since it is a Lie algebra, it is a normal symmetric triality 
algebra by Example 2 . 1 . Moreover, $ G End(so( 3 )) defined by 

$ : Cl -)■ 62 -)■ 63 -)■ Cl 

is its order 3 automorphysm. We then calculate the new product to satisfy 

( 1 ) 6i O 6i = 6i, 62 o 62 = 62, 63 O 63 = 63 

( 2 ) 61 O 62 =-63, 62 063 =-61, 630 61 = -62 ( 2 . 9 ) 

(3) 62 o 61 = 61 O 63 = 63 o 62 = 0 

as in [ 0 . 05 ]. This algebra has some interesting property. We intoduce the bi-linear 
symmetric non-degenerate form < o|o > by 

< ei\ej >= Sij {i,j = 1,2,3). ( 2 . 10 ) 

Then, it is a normal triality algebra with do{x,y) given by 

do{x,y)z =< x\z > y— < y\z > x. (2-11) 

Moreover, we have 

{x o x) o (^x o x) =< x\x o X > X ( 2 - 12 ) 

so that the 3 rd bi-linear product defined by 

X-y = -[xoy + yox) 

gives a 3 -dimensional admissible-cubic algebra ([E-O. 06 ]). Moreover for x = Ai6i -|-A262-t- 
A363, (Aj G F), we set 

t{x) = Ai -h A2 -h A3, q{x) = A1A2 -h A1A3 -h A2A3 
with / = 61 + 62 - 1 - 63. Then, they satisfy quadratic relation of ([ 0 . 06 ]) 

(i) 

fof = 0 


(ii) 


X o X — t{x)x + q{x)f = 0. 


(2.13) 
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Example 2.5 

Let 

A = span < e, /, (/x = 1, 2, • • •, iV) > 

with the multiplication table of 

(1) ee = e ,ff = e, ef = fe = -f 

( 2 ) ex^ = x^e = x^e = = x^ 

(3) fx^ = -x^f = x^, fx>^ = -xf^f = 

(4) x^x,^ = 0 = x^x'^ 

(5) xf^x^ = -2(5^(/ + e) 

(6) x^xf^ = 2Sj^{f - e) 

for fi,u = 1,2, - ■■ N. Then A is a normal triality algebra. Note that A possesses a few 
involution maps: 

Involution 1 

/ = —/, but a; = x, for a; = e, x^, and x^. 

Involution 2 

x^ = a;^, but T = a;, for a; = e, and /. 

Involution 3 

e = e, but X = —x for x = f, a;^ and x^. 

The case of the involution 1 is of interest, since then it satishes ex = xe = x so that e 
is the para-unit of yf.Then, its conjugate algebra A* is structurable. 

In section 4, we will show that this algebra is intimately related to the A4 or 5*4 
symmetry of the Lie algebra sl{N), [N > 4). 

Example 2.6 (Structurable Algebra) 

It is known ([A-F.93]) that any unital involutive alternative or Jordan algebra is struc¬ 
turable. Especially, any unital composition algebra as well as any unital involutive asso¬ 
ciative algebra is structurable. Moreover some class of Zorn’s vector matrix algebras are 
also structurable. Let i? be a involutive algebra over a held F with bi-linear product xy 
and with a bi-linear form (o|o), and consider a vector space of form 

1). (2.14) 

Designating a generic element of A as 

(x,yeB, a,/3eF) (2.15) 
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we introduce a bi-linear product in A by 


= 


(y.\ X\ 


0-2 X2 

\yi J '' \y2 1^2 ) ~ \ c^2yi + I 3 iy 2 + kxiX2, f 3 if 32 + {yi\x2) J 

for a constant k E F and for variables aj, /3j G F and Xj, i/j E B{j = 1, 2). Then, 

\y a J 

is a involution map of A, provided that (o|o) satishes 

{x\y) = {y\x), (= symmetric in x and y). 


+ {xi\y2), aiX2 + [32X1 + kyiy2 

c^2yi + I3iy2 + kxiX2, f3if32 + {yi\x2) 


(2.16) 


(2.17) 


(2.18) 


If i? is a commutative cubic-admissible algebra over the held F of characteristic 7^ 2, and 
7^ 3, satisfying 

x^x"^ =< x\x^ > x, with {x\y) = 3 < x\y >, (2-19) 

then A is known to be structurable for the choice k = 2 ([0.05]). 

As an example, consider the case of Dimi? = 1 with B = Fb, where b E B satishes 


If we set now 


bb = b, < b\b >= 1. 


1 0 

0 -1 


then e is the unit element of A* so that e-k x = x -k e = x, and the multiplication table is 
given by 

/*/ = e, f ^ 9 = -g^ f = -g, fkh = -hkf = h, 

gkg = 2h, hkh = 2g, gkh=^{e- f), hkg = ^{e + f) (2.20) 

as in [0,06]. A peculiar aspect of this algebra is that we have D{x,y) = 0 identically. 
Further, A* admitts few involutions: 

( 1 ) / = -/, but X = X ioT X = e, g, and h, corresponding to Eq.(2.17). 

(2) 'g = h,h = g, but a; = a; for a; = e and /. 

(3) e = e, but x = —x for x = f,g, and h. 

On the other side, if B is an anti-commutative algebra, then A is an alternative algebra, 
provided that we have 

x{yz) = {x\y)z - {x\z)y, 

{x\yz) = {y\zx) = {z\xy) 

with X = —X and k = 1. This case yields the octonion algebra as well as a unconventional 
six-dimensional degenerate composition algebra associated with a hve-dimentional Malcev 
algebra [K-0,14], although we will not go into its details here. 


14 



3 Lie Algebra satisfying Triality 

Let A be a pre-normal triality algebra as in Def.1.2, and consider linear maps: 


Pj : A ^ V, and Tj ■. A® A (3.1) 

for j = 0,1, 2, where V is an unspecified algebra with skew symmetric bi-linear product 
[o, o]. We set now 

T(A, A) = span < Tj{x, y),yj = 0,1, 2, Vx, y E A > (3.2) 

and 

L{A) = po{A) © Pi (A) ® P2(A) ® T(A, A). (3-3) 

Following [A-F,93], let (i, j, k) be a cyclic permutation of indices (0,1, 2), and assume the 
following anti-communtative multiplication relations: 

( 1 ) 

[pi{x),pi{y)] = -[pi{y),pi{x)] = ^T 3 _i{x, y) (3.4a) 

( 2 ) 

[pi{x),pj{y)] = -[pj{y),pi{x)] = -7j7i ^pk{xy) (3.46) 

( 3 ) 

[Ti{x,y),pj{z)] = -[pj{z),Ti{x,y)] = pj{di+j{x,y)z) (3.4c) 

( 4 ) 

[Ti{u, v),Tra{x, y)] = v)x, y) + Tm{x, di_m{u, v)y) 

= -Ti{dm-i{x, y)u, v) - Ti{u, dm-i{x, y)v) {3Ad) 

for l,m = 0, 1,2. Here, 'jj G F are some non-zero constants. We introduce the Jacobian 
in L(A) by 

J(A, F, Z) = [[X, F], Z] + [[F, F], X] + [[F, X], F] (3.5) 

for X,F,F e L(A). 

We hrst prove. 

Lemma 3.1 

T(A, A) and Tj(A, A) for j = 0,1,2 are Lie algebras. Also Tj{A,A) is an ideal of 
T(A,A). 

Proof 


We calculate now for any j, k,l = 0,1, 2, 

[[Tj{u,v),Tk{x,y)],Ti{z,w)] = -[Ti{z,w),[Tj{u,v),Tk{x,y)]] 
= -[Ti{z, w),Tk{dj-k{u, v)x, y) + Tk{x, dj-k{u, n)p)] 

= -Tk{di-k{z, w)dj-k{u, v)x, y) - Tk{dj-k{u, v)x, di-k{u, v)y) 
+Tk{di-k{z, w)x, dj-k{u, v)y) - Tk{x, di-k{z, w)dj-k{u, v)y) 

[[Ti{z,w),Tj{u,v)],Tk{x,y)] = -[[Tj{u,v),Ti{z,w)],Tk{x,y)] 
= -\Ti{dj-i{u,v)z,w) + Ti{z, dj-i{u,v)w),Tk{x,y)] 

= -Tk{di-k{dj-i{u, v)z, w)x, y) - Tk{x, di-k{dj-i{u, v)z, w)y) 
-Tk{di_k{z, dj_i{u, v)w)x, y) - Tk{x, di_k{z, dj_i{u, v)w)y) 
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and 


[[Tk{x,y),Ti{z,w)],Tj{u,v)] = [Tj{u,v),[Ti{z,w),Tk{x,y)]] 

= [Tj{u,v),Tk{di_k{z,w)x,y)+ Tk{x,di_k{z,w)y)] 

= Tk{dj-k{u, v)di-k{z, w)x, y) + Tk{di-k{z, w)x, dj-k{u, v)y) 

+Tk{dj-k{u, v)x, di-k{z, w)y) + Tk{x, dj-k{u, v)di-k{z, w)y). 

Adding these three relations we hnd 

J{Tj{u,v),Tk{x,y),Ti{z,w)) = Tk{Xx,y) + Tk{x, Xy) 
where A is given by 

A = [dj_k{u, v), di_k{z, w)] - di_k{dj_i{u, v)z, w) - di_k{z, dj_i{u, v)w) = 0 

by the triality Lie relation Eq.(1.20).n 
We next set 

J{x,y,z) := J{po{x),pi{y),p 2 {z)). (3.6) 

Lemma 3.2 

We have 

J{.x,y,z) = To{x,yz) +Ti{z,xy) +T 2 {y,zx) (3.7) 

which satishes 

[J(x, y, z),pi{w)] = pi{Q{z, X, y)w) (3.8a) 

[J{x,y,z),Ti{u,v)] = Ti{Qi{z,x,y)u,v) +Ti{u,Qi{z,x,y)v) (3.86) 

where we have set 

Qi{z, X, y) = d_i{z, xy) + di_i{y, zx) + d 2 -i{x, yz). (3.8c) 

Note the Qo{z,x,y) = Q{z,x,y), Qi{z,x,y) = Q{y,z,x) etc. 

Proof 

These are straightforward results of Eqs.(3.4).n 

Proposition 3.3 

Let A be a prenormal triality algebra. Then we have J{X, Y, Z) = 0 for X, Y and Z be¬ 
ing any one of forms pi{z) or Tj{x,y) except for J {pi (x), pj {y), pk{z)) or J {po{x), pi{y), p 2 {z)). 

Proof 

(1) We calculate 

[[pi{x), pi{y)], pi{z)] = [-ij-ik^T:i_i{x,y), pi{z)] 

= Pi{d^{x,y)z) = pi{do{x,y)z) 

so that we have 

J{pi{x),pi{y),pi{z)) = 7i7fc ViH 

with 

w = do{x, y)z + do{y, z)x + do{z, x)y = 0 
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by Eq.(1.21). Thus, we have J{pi{x), pi{y), pi{z)) = 0. 

(2) We similarly compute 

[[pi{.x), pi{y)l pj{z)] = [-ij-i^^T:i_i{x,y), pj{z)] 

= pM^-i+A^^y)) = 'ij%^pAdiA,y)z) 

when we note j — i = l(mod 3) since {i,j, k) is a cyclic pertation of (0,1, 2). Further we 
note 

[[pihj)^pAz)ipiA)] = [-ia~^pk{yz),pi{x)] 

= {-ijii^){-iakApA{yz)x) = -ij%^pj{{yz)x) 

so that 

J{.Pi{.x), piiy), pAz)) = 7i7fc Vi(w^) 

with 

w = di{x, y)z + {yz)x - {xz)y = {di{x, y) + R{x)L{y) - R{y)L{x)}z = 0 
by Eq.(1.18b). This shows J{pi{x), pi{y), pj{z)) = 0. 

(3) We analogously compute 

[[pi{x), pi{y)], pk{z)] = [7j7^^T3_i(a;,?/),pfc(2;)] 

= Ijlk^ pAd^-i+k{x,y)z) = 7j7^^(ci2(a:,i/)^) 

since k — i = 2(mod 3), while 

[[pi{y), Pk{z)], pi{x)] = - [[pk{z), pi{y)], pi{x)] 

= iak\Azy)^ piA)] = -liik^AiA^pA^y)] 

= {-lilkAi-ljliApAxizy)) = pk{x{zy)). 

In this way, we obtain 

J{pi{x),pi{y),pk{z)) = 7i7fc VfcH 

where 

w = d 2 {x, y)z + x{zy) - y{zx) = {d 2 {x, y) + L{x)R{y) - L{y)R{x)}z = 0, 
by Eq.( 1.18c). 

(4) However, 

[[pi{x), pAy)]^ pAz)] = Pk{xy), pk{z)] = --fj-f-^-^aJ^T^-k{xy,z) 

= -T^-k{xy,z) = T3_k{z,xy) 

so that 

Jipiix),pjiy):pkiz)) =T3_kiz,xy)+Ts_i{x,yz)+Ts_i{y,zx) (3.6)' 

which gives Eq.(3.7) for i = 0, j = 1 and k = 2. 

(5) We similarly compute 

[[piix): piiy)],Ti{u,v)] = ['yj%^Ts_i{x,y),Ti{u,v)] 

= -7i7fc H^3-i(dz+i(u, v)x, y) + T^-i{x, di+i{u, v)y)} 
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and 


[[pi{y),Ti{u,v)], pi{x)] = [-pi{di+i{u,v)y),pi{x)] 

= 7i7fc di+i{u, v)y). 

Then, we see J{pi{x), pi{y),Ti{u,v)) = 0. 

(6) Moreover, We note 

[[pi{x), pj{y)\,Ti{u,v)\ = pk{xy),Ti{u,v)] = 7j7"Vfc(c^z+fc(ww)(a^l/)), 

[[pji.y),Ti{u,v)], pi{x)] = [-pj{dj+i{u,v)y),pi{x)] = pk{x{dj+i{u,v)y}), 

and 

[[Ti{u,v), pi{x)\, pj{y)\ = [pi{di+i{u,v)x), pj{y)] = pk{{di+i{u,v)x}y). 

Thus we obtain 

J{pi{x),pj{y),Ti{u,v)) = 7j7"Vfc(w^), 

with 

w = di+k{u, v){xy) - x{dj+i{u, v)y] - {di+i{u, v)x}y. 

But then ta = 0 by the triality relation Eq.(1.19). 

(7) We similarly End 

J{pk{x),Ti{u,v),T^{x,y)) = pk{\z) 

with 

A = [dk+m{x, y), dk+l{u, v)] + dk+m{dl-m{u, v)x, y) + 4+m(a:, di_rn{u, v)y) 

= 0 

by Eq.(1.20). 

(8) We have already noted in Lemma 3.1 that we have for any j, k,l = 0, 1, 2, 

J{Tj{u,v),Tk{x,y),Ti{z,w)) = O.D 

In this connection, we consider 

Condition (D) 

Suppose that we have Pi{x) = 0 for some x E A and for some value of i = 0,1, 2. We 
then have x = 0. 

Corollary 3.4 

Let yl be a pre-normal triality algebra. If we have 

'J{x,y,z) = To{x,yz) +Ti{z,xy) +T 2 {y,zx) = 0, (3.9) 

then L{A) is a Lie algebra. Moreover, if the condition (D) holds, then A is a normal 
triality algebra. Conversly, if L{A) is a Lie algebra and if the condition [D) holds, then 
A is a normal triality algebra with the validity of Eq.(3.9). 
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Proof 


This follows from Lemma 3.2 as well as the proof given in Proposition 3.3. □ 

If we do not assume the validity of Eq.(3.9), we set 

J = span < J{x,y, z),x,y, z ^ A > . (3.10) 

If A is a normal triality algebra, then Lemma 3.2 implies that J{x, y, z) are center elements 
of A, since Q{x,y,z) = 0. Then, we hnd 

Theorem 3.5 

Let A be a normal triality algebra. Then, the quotient algebra L = L/J is a Lie 
algebra. 

Hereafter in this section, we assume H to be a normal triality algebra unless it is 
stated otherwise. Then, in view of Theorem 3.5 we can effectively assume the validity of 
Eq.(3.9). As a matter of fact, if we identify Tj{x,y) with the triple 

Tj{x, y) = {dj{x, y), dj+i{x, y), dj+ 2 {x, y)) (j = 0,1, 2) (3.11) 

(see i.e. [A-F,93], and [E.04]), then we hnd 

To(a;, yz) + Ti(^, xy) + T 2 {y, zx) = {Q{x, y, z), Q{y, z, x), Q{z, x, y)) = 0. 

Moreover, they will yield T^i^x^y) = Ti{x,y) = T 2 {x,y) if we have do{x,y) = di{x,y) = 
d 2 {x,y) as in the case of Lie and Jordan algebra (see Example 2.1). This can be also 
justihed without assuming Eq.(3.11) as follows: If do{x,y) = di{x,y) = d 2 {x,y), then we 
see from Eq.(3.4) that the differences Ti{x,y) — Tj{x,y) for i ^ j are center element of 
L{A) so that we can effectively set Ti{x, y) = Tj{x, y). This fact will be assumed and used 
in the next section for S' 4 -symmetry of the Lie algebra so{N). 

We will assume also for simplicity the validity of Eq.(3.9) or Eq.(3.11) hereafter unless 
it is stated otherwise. 

For the case of A* being a structurable algebra, we need simply replace Pk{xy) in 
Eq.(3.4b) by 

Pk{xy) pki'xTy) = pkiy-^x) (3.12a) 

and Eq.(3.9) by 

J{x,y,z) = To{x,yTz) +Ti{z,xTy) +T 2 {y,YTx) = 0 (3.126) 

according to Eq.(l.ll) for the Lie algebra L{A). 

Now,a special choice of 70 = 71 = 72 = 1 for constants jj in Eqs.(3.4) is of a particular 
interest, since the Lie algebra L{A) will admit then an alternative group (or equivalently 
tetrahedral group T 4 ) A 4 as automorphysm. 

First , L{A) is clearly invariant under actions of a cyclic group generated by 0 G 
End L{A) given by 

Pi{x) -)■ Pi+i{x), Ti{x,y) -)■ Ti_i{x,y). (3.13) 

Next, let Tfi G End L{A) for p = 1, 2, 3 be dehned by 

ri : pi{x) -)■ pi{x), p 2 {x) -p 2 {x), pz{x) -p-i{x), 
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(3.14) 


T2 : pi{x) -pi(a;), p2{x) p2{x), ps^x) -psix) 

Ts ■ Pl{x) -pl{x), p2{x) -p2{x), p'iix) p‘i{x) 

while Tj{x,y) for j = 0,1,2 remains unchanged by actions of r^. Then, L{A) is also 
invariant under r^. Moreover, we note 

= r^T^, = 1, T 1 T 2 T 3 = 1, {p, Z/ = 1, 2, 3) (3.15) 

so that (I,ri,r 2 ,r 3 ) is isomorphic to the Klein’s 4-group ^^ 4 . 

Further, we see 

= v+i (/i = 1, 2, 3) (3.16) 

with r 4 = Ti. Since and 7^4 generate the alternative group y 44 (an equivalently the 
tetrahedral group T 4 ), the Lie algebra L{A) is invariant under A 4 . 

If A is involutive with the involution map a; —)■ a; in addition, then r G End L{A) given 
by 

r : pi(a;) GG -p 2 ix), psix) -psix), (3.17) 

Ti{x,y) ^T 2 {x,y), T^{x,y) ^T^{x,y) 
also defines an automorphsm of L{A) satisfying 

= 1, rriT"^ = Ts, = rg, (j)T(j) = r. (3.18) 

Then, r and A/^ generate the symmetric group 5*4 with identihcations of 

ri = (2,3)(l,4), r 2 = (3,l)(2,4), rg = (1, 2)(3,4), 0= (1,2,3), r=(l,2) (3.19) 

in the standard notation for symmetric group. 

Regarding L{A) as a A 4 -module, the triple {pq{x), pi{x), p 2 {x)) for any x E A realizes 
then a 3-dimensional irreducible module of A^. ForT{A, A), we assume for simplicity, that 
the underlying held F is of charachtericsitc 7 ^ 2, and 7 ^ 3. If F contains u E F satisfying 
= 1 but ca 7 ^ 1, then T{A,A) is a direct sum of three inequivalent one-dimensional 
modules given by 


^n{x, y) = To(a;, y) + a;’^Ti(a;, y) + u‘^'^T2{x, y) 

for n = 0,1, 2. However, if F does not contains such u E F, then, 

^o{x, y) = To(a;, y) + Ti(a;, y) + T2{x, y) 

is the trivial module of A^ and {6i{x,y),62{x,y)) dehned by 

9 i{x,y) = Ti{x,y) +T2{x,y) - 2 To{x,y), 

62{x,y) = Ti{x,y) -T2{x,y) 

represents two-dimensional irreducible module of A4. 

The case of the S' 4 -symmetry is slightly more involved, since we have to take account 
of the action of r = (1, 2) in addition. In that case, depending upon x = x or x = —x, 
the triple {po{x) , pi{x) , p2{x)) , represents two inequivalent 3-dimentional modules of S4, 
while for Tj{A,A), we have to consider 4 cases of a; = ±a; and y = Fy 01 y = ^y 


20 



to find two inequivalent two-dimensional modules {9i{x,y),92{x,y)) and one-dimentional 
modules ipo{x,y) of S^. 

Returning to the structure of L{A), we set 


L,(A)=p,(A)©T 3 _,(Adl), (j =0,1,2). (3.20) 

We have then 

L{A) = Lo{A) + L^{A) + L2{A). (3.21) 

As we see from Eqs.(3.4), Lj{A) (j = 0,1, 2) are sub-Lie algebras of L{A), while A) 

is a sub-Lie algebra of Lj{A)., Moreover, under action of Z^, we have 

0 • Lq(A) —)■ Li(A) —)■ L2{A) —)■ Lq(A) (3.22) 

^) T2{A, A) Ti(A, A) Tq{A, A) 

while they transform among themselves under action of the Klein’s 4-group K/^. 

It may be instructive to depict L{A) as in Fig.l, exhibiting the triality. 



Fig.l Graphical Representation of the Lie Algebra L{A). 

As illustration, let us examine specihc cases of Examples given in section 2 , assuming 
the underlying held F to be algebraically closed and of charateristic 7 ^ 2, 7 ^ 3 for simplicity. 

Example 3.6(Lie algebra G 2 ) 

The 4-dimensional structurable algebra A* =< e, f,g,h> given by Eq.(2.20) leads to 
L{A) = G 2 , Lj{A) = Ai © Ai{j = 0,1, 2) and Tj{A, A) = gl{l) © 51 /( 1 ). (j = 0,1, 2) 
as in [0.06]. 

Example 3.7(magic Square) 

Let A = Ai Z) A 2 he the tensor product algebra of two independest symmetric com¬ 
position algebra as in Example 2.3. Then, A is also a normal triality algebra, and we 
can construct Lie algebras by Theorem 3.5. Following [E.04] and [E.06], this leads to the 
Freudenthal’s magic square for the Lie algebra L{A) as in Fig.2 (see also [Ba-S.03]): 
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Dim Ai \ Dim A 2 
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Fig.2:Magic Square 

if Ai is a para-octonion or pseudo-octonion algebra, and if we choose Dim A 2 = I, then 
the resulting Lie algebras are 

L{A) = F4, Lj{A) = B4, Tj{A, A) = D4 {j = 0,1, 2), 

corresponding to the classical triality case of A^ being octonion algebra. 

For other case of Dim Ai = Dim ^2 = 8 , where Ai and A 2 are either para-octonion 
or pseudo-octonion algebra, we obtain 


L{A) — Eg, Lj(A) — Dg, Tj(A, A) — D 4 © D 4 . 

Example 3.8(Zorn’s Vector Matrix Algebra) 

Let us consider Example 2.6 again where the algebra B is now the 27-dimensional 
cubic-admissible algebra associated with the Albert algebra. In that case, it is known 
([Kan 73] and [Kam 89]) that L{A) is also the Lie algebra Eg. However, we have 

Lj(yA) = Ey © Ai and Ej(^A, A) = Eg © ( 7 /( 1 ) © 77^(1) 

in contrast to the previous case of example 3.7. 

Remark 3.9 

In ending this section, we note that any hnite dimensional normal triality algebra 
satisfying the condition (E) may be identihed with some symmetric space. For example, 
Eq.(3.4) implies 

[po{x),po{y)] = To{x,y), 

[To{x,y),po{z)] = po{do{x,y)z), 

[To{u, v),To{x, y)] = To{do{u, v)x, y) + To{x, do{u, v)y) 

for a Lie algebra Lo{A), so that we may identify Po{A) with the symmetric space 

Lo(7l)/To(A,A). 

Moreover, if the condition (E) for j = 0 is satished, then po{x) = 0 for some x & A 
implies a; = 0, so that A —)■ po(^) is one-to-one map. Hence, we can identify A with the 
symmetric space. 

4.Tetrahedral Lie Algebras 

In the previous section, we have seen that we can construct a A 4 -invariant Lie algebra 
out of a normal triality algebra. We will show in this section that the converse statement 
holds valid also. 
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Let V be an algebra over a filed F of cliarachteristic 7 ^ 2, endowed with a gronp 
homomorphism 

A 4 —>■ Anto(V^). (4.1) 

Let 0 and = 1, 2, 3) G A 4 as in Eq.(3.19), satisfying relations Eqs.(3.15), with 0^ = 1. 
Then, V can be decompsed by actions of the Klein’s 4-gronp K 4 = {I,ri,r 2 ,r 3 } into a 
direct snm 

V = t (B gi (B g2 (B Qs (4-2) 

where 

t = {x E V] Ti{x) = T 2 {x) = T^{x) = x} (4.3a) 

gi = {x E V; Ti(x) = X, T2{x) = ts^x) = -x} (4.36) 

g 2 = {x E V; T 2 (x) = x, ti(x) = ts^x) = -x} (4.3c) 

g 3 = {x eV; T 3 {x) = x, ti{x) = T 2 {x) = -x}. (4.3(i) 

We then have 

Lemma 4.1 


( 1 ) 

( 2 ) 

( 3 ) 

( 4 ) 


4>{gi) = fl'i+i(with 5(4 = gi) 

0(f) = t 

tt C f, so that t is a snbalgebra of V 
tgi C gi, and gA C gi 


gigi BL t 


(5) If {i,j, k) is a cyclic permutation of indices (1, 2, 3), then 


9igj F gk, and gjgi C gk- 


(4.4a) 


(4,46) 


(4.4c) 


(4.4d) 


(4.4e) 


Proof 

Noting = r^+i 0 (with r4 = ri) by Eq.( 3 . 16 ), we obtain 

0(fi'i) C gi+4, and 0(6) C t. 

For example, ii x E gi, then we calculate 

r20a; = (pTiX = (f)x, r30a; = (f)T2X = —0a;, ri0a; = 0r3a; = —(px 
which gives 0((7i) C ^2- Then we calculate 

gi = 4>^{gi) C 0^(^i+i) C 0(^i+2) C gi, 
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which yields 0(5'*+2) = 5'i, i-e. Eq.(4.4a). 

The rest of relations in Eq.(4.4) can be similarly verified, when we note 

Tf^ixy) = {Ti,x){Ti,y) 

for x,y E V. D 

Remark 4.2 

Setting 

Vj=t®g, (j = 1,2,3), (4.5) 

we have 

E = El + E2 + Eg (4.6) 

and we may depict the sitnation as in Fig.3 



Note that Vj (j = 1, 2, 3) are snb-algebras of E. 

Example 4.3 


Let E be the Cayley algebra with the basis < cq, ci, 62 , • • •, cy > with the nnit element 
e = Co, satisfying the mnltiplication table of 

7 

CiCj T ^ ^ fijk^k 

k=l 

for 7 , j = 1, 2, • • •, 7, when is the totally anti-symmetric constants with valnes 1,0 — 1. 
Moreover, fij^ = 1 are possible only for i,j, k = 123, 516, 624,435,174, 376, 275 with their 
cyclic permntations. We introduce a self-dual tensor for /x, z/ = 1, 2, 3,4 satisfying 


ffMU fufi ffMU „ ^ ^ ^faf} 

a,y=l 


Cl — /23 — flit 62 — /3I — /24, eg — /12 — /g4 
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(see [0,95]) by 



where £^ 1 ^ 0/3 is the 4-dimensional Levi-Civita symbol with £1234 = 1- 
Moreover,setting 

Oi = 64, 02 = 65, 03 = eg, 04 = 67, 

then ttfj, and f^u for /i, z/ = 1, 2, 3,4 satisfy 

OjfjiOju f 

4“ ^vX^fi 5 ^q.= 1 ^fiuXa^^ai 

ffiufa/S ^ua f 4 “ ^u/sfiia ^fi/sfua 4 “ ^fiafuP 

which are clearly invariant under any even-permutations of indices 1, 2, 3, and 4, i.e. under 
the alternative group A 4 . We then hnd 

91 = {^2, 64-65 — 66-1- 67}, 

92 = {^3, 64 + 65 — eg — 67} 

93 = {ci, —64 4- 65 -f eg — 67}, 

t = {e, 64 -|- 65 -|- eg -|- 67 } 

by Eqs.(4.3). Note that Vj = t (B gj (j = 1, 2, 3) are then quaternion sub-algebras of the 
Cayley algebra. 

Actually, the Cayley algebra is invariant under S^, if we dehne r = ( 1 , 2 ) by 


r : ei —)■ —ei, 62 —63 —)■ 62, 


and ^ 

-(e4 4- eg -F eg -f 67) - e^, for /x = 4 , 5 , 6, 7 , 

where 64 = eg, eg = 64, eg = eg, and 67 = 67. 

Further, any split Cayley algebra is also invariant under S'4. This fact has been used 
in [E-O. 08 ] to show that all exceptional Lie algebras are S'4-invariant. 

However, the most interesting case is obtained, when H is a Lie algebra, as we see 
from the following Theorem ([E-O. 07 ]). 

Theorem 4.4 

Let L be a Lie algebra over the held F of charachteristic 7^ 2 , which is invariant under 
the action of the alternative group A4. Then, there exists a normal triality algebra A such 
that L is written as a direct sum of 

L = po(^) ® Pi (A) © P2(A) © t (4-7) 

of some vector spaces Pj{A) and a sub-Lie algebra t of L. Moreover, there exits a sub-Lie 
algebra T(A, A) of t such that 

® = Po(A) © pi(A) © p 2 (A) © T(A, A) (4.8) 

is a A4-invariant ideal of L, which coincides with the Lie algebra constructed in the 
previous section in terms of the normal triality algebra A, satisfying Eq.( 3 . 4 ) for 70 = 
7i = 72 = 1 as well as Eq.( 3 . 9 ),i.e, 

To (x, yz) + Ti {z, xy) + T 2 (p, = 0. (4.9) 
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Further, if L is invariant under a larger group 5*4, then A is involutive with a involutive 
map X ^x. 

Proof 

We identify A with gfs in Eq.(4.3d),i.e, 



A = {x E L] T^{x) = X, Ti{x) = T 2 {x) = -x} 

(4.10) 

and write 

P^{x) = po{x) =x, iix E A 

(4.11a) 

and set 

Pi{x) = px, p 2 {x) = p^x, for x G A 

(4.116) 

so that we have 

ppj{x) = pj+l{x) 

(4.12) 

for any x E A and for 

any j = 1, 2, 3. 



We note that the condition {D) of the previous section is automotically satished that 
if Pj{x) = 0 for some x E A and for some j = 0,1, 2, then a; = 0 in view of Eqs.(4.11). 

Next, since [gi,g 2 ] ^ gs by Eq.(4.4e) of Lemma 4.1, we can introduce a bi-linear 
product xy in A by 

[Pi{x),P2{y)] ■■= -Psixy). (4.13) 

Applying (p E to this relation, and noting Eq.(4.12), this yield 

[pi{x),pj{y)] := -pk{xy) (4.14) 

for any cyclic permutation {i,j,k) of indices (1,2,3). This reproduces Eq.(3.4b) for 70 = 
7i = 72 = 1- Similarly, [gj,gj] C t by Lemma 4.1 and we dehne Tj{x,y) E t hj 

[Pj{x),Pj{y)] :=T 3 _j{x,y). (4.15) 

Applying p to this relation, it gives 

0^3-i (x, y) = Ts-q+i) (x, y) (4.16) 


since 

{x, y) = (t)[pj (x), pj (1/)] = [ppj (x), (ppj (y)] = [pj+i (x), pj+i (1/)] 

= ^3-(i+i)(a^,l/)- 

Analagously, [t, gk\ C gi^ implies that we can dehne 

tj^k : A (g) A —)■ EndA, (j, /c = 0,1, 2) 
by 

[Tz-j{x, y),pk{z)] =: pk{tj,k{x, y)z). (4.17) 

Operating p to this relation, and noting Eq.(4.16), we calculate 

[T 3 -{j+i){x,y), pk+i{z)] = pk+i{tj,k{xy)z) 


or 

Pk+i(tk+i,j+iix, y^z^ Pk-{-i(tj^kix, y^z^, 
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which implies 


tk+ij+i{x, y)z = y)z (4.18) 

because of the condition (D). Then, tj^k{x,y) depends upon j and k only in the combi¬ 
nation of their difference k — j, and we can set 

= dk-jix,y) 

for some di{x,y) G EndA. Therefore, Eq.(4.17) becomes 

[Tj{x,y),pk{z)] = pk{dj+k{x,y)z) (4.19) 

which is Eq.(3.4). Here, we have changed j ^ 3 — j. 

Finally, since L is a Lie algebra, Eq.(3.4d) follows from Eqs.(3.4a) and (3.4c), satisfying 
all relations in Eqs.(3.4). As the result. Corollary 3.4 implies A to be a normal triality 
algebra with the validity of Eq.(4.9). 

In order to show that L is a ideal of L, we first note 

\p,{A),t\Cpj{A) (4.20) 

by Lemma 4.1. Moreover, we calcultate 

[Tj{x,y),t] = [[pj{,x),pj{y)],t] 

= -[[Pi(l/)A],Pi(a^)] - [[t, Pj{.x)], pjiy)] C [pj{A),pj{A)] C Tj{A,A) 
so that we have 

[T,(A,A),t]QT,(A,A). (4,21) 

If L is invariant under 5 * 4 , we define x for any x E Ahy 

Tpo{x) = -po(x), {i.e.TX = -x) (4.22) 

for the transposition r = (1, 2) G S^. We can then prove that a; —)■ T is a involution of 
A.D 

Remark 4.5 

If L is simple, and if L is not trivial, then L = L. Suppose that L is not simple, 
and S' 4 -invariant. Then, both t and T(A, A) is As-invariant since (j)T^(j)~^ = r^+i, so that 
L/L = t/T{A,A) is now Aa-invariant. A co-ordinatization of any Lie algebra which is 
invariant under S 3 , or more genelly di-cyclic group has been given in [E-O.09], [E-0.11]. 

Remark 4.6 

It has been noted in [E-O.08] that any simple Lie algebra over the algebraicaly closed 
field of charachristic zero is S' 4 -invariant so that all these algebras can be constructed by 
some normal triality algebras. We will study some cases below. 

Example 4.7(a) 

The so(3) Lie algebra defined by 

3 

[cj, Cj] ^ ^ (l j 1-1 2, 3) 

k=l 
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is S' 4 - invariant. First, 0 = (1, 2 , 3) and r = (1, 2 ) are given by 


0 : Cl —)■ 62 —)■ 63 —)■ Cl, r : Cl -H- 62 , 63 —)■ —63 


while the Klein’s 4-group acts as 


Ti : Cl ^ Cl, 62 —62, 63 —63 

T2 ■ 62 ^ 62, Cl —Cl, 63 —63 

'^3 • 63 ^ 63, Cl ^ —Cl, 62 —62. 


Then, gfj = Fci with Tj{A,A) = 0. Hence, the resulting normal triality algebra or struc- 
turable algebra A is isomorphic to the field F itself. Similary, we note that the quaternion 
algebra is also 5 ' 4 -invariant. 

Example 4.7(b) (so{N) algebra for iV > 4) 

The so{N) Lie algebra is defined by = —J^^i satisfying 


JcejS 'Jufi ^^f}Jva T 


fia 


for /i, z/, a, 0 = 1, 2, • • •, iV. It is clearly invariant under the symmetric group Sn permuting 
N indices 1, 2, • • •, iV. For iV > 4, it is then invariant also under its sub-group ^4 which 
permutes 4 indices 1,2,3 and 4, but leaves other indices 5,6, being unchanged. 

Then, the decomposition Eq.(4.7) of L = so{N) by the Klein’s 4-group is readily computed 
to yield 


t. 

' ( 1 ) 

0ij 

+ 

02 j 

+ Jsj 

+ 04i 

U > 5) 


. ( 2 ) 

Jij: 


’-J ; 

>5) 




( 1 ) 

013 

+ 

024 




gz ■ < 

( 2 ) 

014 

+ 

023 





1 (3) 

01j 

+ 

02 j 

- Jsj 

— Jij. 

, (j > 5) 


( 1 ) 

012 

— 

034 




91 ■ < 

( 2 ) 

013 

— 

024 





1 (3) 

01j 

— 

02 j 

~ Jsj 

+ 04i 

, U > 5) 


( 1 ) 

012 

+ 

034 




92 : < 

( 2 ) 

014 

— 

023 





1 (3) 

Jlj 

— 

02 j 

+ Jzj 

— Jij 

■ U > 5) 


Assuming that the field F is of charachteristic 7 ^ 2, we set 

e = |(<7 i3 + 024 ~ 014 ~ 023)) 

/o = 2(013 + 024 + 014 + 023 )) 

fj -4 = 4 ( 01 j + 02 j ~ Jsj ~ 04 j)) {j ^ 5 ). 

Then, by Eq,(4.13), we calculate 


A = 93 = span < e, f^, (p = 0,1, 2, • • •, iV - 4) > (4.23) 


to be a unital commutative algebra with the multiptication table of 

^ffi fffi: f/ifu 

28 


(4.24) 



for /i, z/ = 0,1, 2, • • •, iV. If we further introduce a symmetric bi-linear non-degenerate 
form < 'I' > in A by 

< f^,\U >= < ff,\e >=< e\f^ >= 0, < e|e >= 1, 

yl is a quadratic algebra satisfying 

— 2 < x\e > x+ < x\x > e = 0 (4-25) 

for any x E A. Especially, A is Jordan algebra. Therefore, A is also a structurable 
algebra with x = x. Note that Eq.(4.21) will give, contralily e = e but = —f^, for 
/i = 0,1, • • •, iV — 4. 

In this case, we have L{A) = so{N), Lj{A) = sO(iV — 2 )© 5 f/(l) and Tj(A, A) = so{N — 
3) as well as Ti(a;, y) = T 2 {x, y) = Tq{x, y) in accordance with di{x, y) = ^ 2 ( 2 ^, v) = do{x, y) 
(see discussion given after Eq.(3.11)). We also note that Lj(A) is still S' 7 v- 4 -invariant, 
permuting indices 5, 6, —, N. 

Remark 4.8(Some Lie superalgebras) 

Some Lie superalgebras are also S' 4 -invariant, and we can apply the same tecnique to 
show the triality (see Remark 1.9). Consider for example of the Lie superalgebra osp{N, 2) 
for TV > 4. They can be invariant under the 5*4 symmetry by extending the action of 5*4 
of its even-part Lq = so{N) (TV > 4). Then the resulting normal triality super-algebra A 
has its even part Aq given by Eq.(4.23), while its odd part Aj is 

Aj = span < ^ 1,^2 > 


satisfying 

66 = -66 = e, 66 = 66 = 0 , = 6e = 6 (tt = 1, 2 ) 

66 = 66 = (/i = 0 , 1 , 2 , • • •, TV - 4, and a = 1 , 2 ,). 

The cases of Lie superalgebras G(3) and E(4) have been disscussed in [E-O,08]. 

Example 4.9(s/(TV) Lie algebra for TV > 4) 

The sl{N) Lie algebra is specihed by the commutation relation 

N 

K, x;] = yA'“ - i;xi, v; = 0 

n=i 

for fj,,u,a,l3 = 1,2, •••,TV, which is invariant under Sn again. Assuming TV > 4, and 
restricting ourselves to its sub-group S 4 as in Example 4.7b, we find the resulting normal 
triality algebra to be given by 

A = g^ = span < e, /, /x = 0,1, 2, • • •, TV - 4 > (4.26) 

where we have set 

e = i{(Xf - X3I + - X|) + (X| - X| + XI - Xt)] 

f = i{(Xj + X| - X| - Xj) - (XI + XI - XI - X|)} 

x,.4 = x] + X| - X| - X|, (j > 5 ) 

x^-^ =X{+Xi-Xi-Xi{j>h) 
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while Xq and are defined by 

xq = g — k, and x^ = g + k, 

S = + ^2 - XI - X}) + (A'^I + A7 - A| - A|)} 

k = i{(A7 - A] + XI - X'i) - (A| - A| + A] - A?)}. 

They satisfy by Eq.(4.13)the multiplication table of 

(1) ef = fe = —/, but ex = xe = X for X = x^ and x^, 

(2) // = e, 

( 3 ) fXf, = -x^f = Xf,, 

(4) x^Xi, = 0 = x^x", 

(5) Xf^x^ = 26’^^{f - e), a;% = -2,5^(f + e) 

for /i, z/ = 0,1, 2, • • •, iV — 4, reproducing the result of Example 2.5. 

For L(A) = sl{N), we have Li{A) = sl{N — 2) © gl{l), and Tj{A, A) = sl{N — 3). 
Also in the Example (2.5), we have seen that this algebra has more than one involution 
and the involution 1 corresponds to the case of A* being structurable. Note that the 
involution 3 is the one obtained by Eq.(4.21), i.e, Tpo{x) = —po(x). 

Example 4.10(Lie algebra Eg) 

The exceptional Lie algebra Eg as well as Lie superalgebras G(3) and E(4) are S' 4 - 
invariant, and are discussed in [E-O.08]. We will not go into details. 

Remark 4.11 (Tetrahedron Algebra) 

The tetrahedron Lie algebra Kl of Hartwig and Terlliger [H-T,07] is generated by 

i j},/= {0,1,2,3} 


with 

(1) For distinct i,j G I, Xij + Xji = 0 

(2) For mutually district k,i,j G /, 


[Xki, Xij] — 2{Xki + Xij) 


(3) For mutully district k & I, 

[Xki, [Xki, [Xki,Xjh\]] = 4:[Xki, Xjh\. 

It is clearly S'4-invariant, and we have the decomposition 

K ©fi' ©fi", 

where 12 {resp 12 ') and {resp 12 ”) is a sub-algebra of Kl generated by X 12 , X 23 (resp. X 23 , Xqi) 
and (resp.X 3 i,X 02 ). All 12,12 and 12 are Onsager Lie algebras. 
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A remarkable fact is that it is isomorphic to three point sl{2) loop algebra by 

$ ; 

for a indehnite variable t. For details, see [H-T.07] and [E.07]. However, the relationship 
between these facts and Theorem 4.4 is not transparent. 

In ending this section, let us return to a further study of the normal triality algebra A 
associated with the Lie algebra L in Theorem 4.4. We introduce a bi-linear form < -I- > 
in A by 

3 

< x\y >:= Tr (ad pj{x)ad pj{y)) (4.27) 

where ”ad” implies the adjoint operation. We then End 

Lemma 4.12 

( 1 ) 

< y\x >=< x\y > (4.28a) 

( 2 ) 

< xy\z >=< x\yz > (4.286) 

(3) 

< x\dj{z,w)y >= — < dj{z,w)x\y >=< z\d 3 -j{x,y)w > (4.28c) 

for any x,y,z & A and j = 1, 2, 3. 

Proof 

Eq.(4.28a) is a immediate consequence of Eq(4.27). Let {i,j,k) be any cyclic permu¬ 
tation of indices (1,2,3). Then, the trace identity 

Tr([adpi(a;), eidpj{y)]eidpk{z) 

= Tr(adpi(a;)[adpj(|/),adpfc(^)]) 


gives 

TY{adpk{xy)eidpk{z)) = TT{adpi{x)adpi{yz)) 

by Eq.(4.14). Summing over k, this yields Eqs.(4.28b). 

Next, Eqs.(4.28c) for j = 1 or 2 are consequences of Eqs.(4.28b), and (1.18). For 
example, we calculate 

< x\di{z,w)y >=< x\{R{w)L{z) — R{z)L{w))y >=< x\{zy)w — {wy)z > 

=< wx\zy > — < zx\wy > 

which is anti-symmetric in a; -H- p, giving 

< x\di{z,w)y >= — < y\di{z,w)x >= — < x\di{z,w)y > . 


Also, we note 

< z\d 2 {x,y)w >=< z\{L{y)R{x) - L{x)R{y))w > 
=< z\y{wx) — x{wy) >=< zy\wx > — < zx\wy > 
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so that we have < x\di{z,w)y >=< z\d- 2 {x,y)w > . The case of j = 2 for Eqs.(4.28c) can 
be similarly proved. In order to show its validity for the case of j = 0, we compute now 


3 

Tr(adTj(a;, y)a.(iTj{z^ w)) 

j=i 

3 

= X] Tr[(adp 3 _j(a;), &dp^_j{y)]&<lTj{z, w)) 
t=i 

3 

= ^ TY{adp 3 _j{x)[adps_j{y), adTj{z, w)]) 
i=i 

3 

= - ^ Tr{adp 3 -j{x)adp 3 -j{do{z, w)y)) 
i=i 

by Eqs.(3.4a) and (3.4b) so that we obtain 

3 

Tr(adTj(3;, y)adTj{z, w)) = — < x\do{z,w)y > . 

j=i 

However, the left side of this relation is symmetric for x ^ z and y ^ w 
symmetric in x ^ y. Those give Eqs.(4.28c) for j = 0. □ 

We will assume hereafter that < -I- > is non-trivial, i.e. it is not identically 
If we set 

Ho = {a;| < x\A >= 0,a; G A}, 

Then Aq is a ideal of A in view of Eqs. (4.28b). 

Lemma 4.13 

We have 

(1) dj{A, A)Aq C Aq 
and 

(1) (ij(Ho, H)H C Hq 
for j = 1,2, 3. 

Proof 

Since 

< dj{A,A)Ao\A >= - < Ho|dj(H,H)H >= 0 
by Eqs.(4.28c), this proves dj{A, A)Aq C Aq. Similarly, if a G Hq, we calculate 

< z\dj{a,x)w >=< a\dj{z,w)x >= 0 

again by the second relation of Eq. (4.28c) to give 

dj{Ao,A)AC Aq. □ 


(4.29) 

but anti¬ 
zero. 

(4.30) 
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Proposition 4.14 


Suppose that < -I- > is non-trivial. If L is a simple Lie algebra, then < -I- > is 
non-degenerate. 

Proof 

Suppose that < -I- > is degenerate. Then, Aq is a proper ideal of A. Further, 

Lq = Po{Aq) © pi[Aq) ® P2 {Aq) ® T[Aq, A) 

can be readily verihed to be a proper ideal of L, if we note Eqs.(3.4) and Lemma 4.13. 
Therefore, L is not simple, so that < -I- > must be non-degenerate. □ 

Remark 4.15 

If the conjugate algebra A* of A is unital and involutive with the unit element e. Then, 
e is the para-nnit of A. Then, Eqs. (4.28b) yields 

< x\y >=< x\y >, (4.31a) 

< x\y-k z >=< y\z-kx >=< zlx-ky > . (4.316) 

Relations of Lemma 4.13 as well as Eqs.(4.31) for A* have been noted in [0.05] for case 
of Examples (2.2) and (2.6) 

5. Pre-structurable Algebra 

Although we have already dehned a pre-structurable algebra by Def.1.6, we will here 
introduce the following slightly more generalization for a later pnrpose. 

Def.5.1 

Let A* be a involutive algebra with the bi-linear product x -k y and the involution 


X ^x. Snppose that it satisfies the triality relation 

dj{x,y){u'kv) = {dj+i{x,y)u) ic V + uic (dj^ 2 {x,y)v) (5.1) 

for dj{x, y) G End A* {j = 0,1, 2) given by 

di{x, y) = l{y)l{x) - l{x)l{y), (5.2a) 

d 2 {x, y) = r{y)r{x) — r(x)r{y) (5.26) 

do{x,y) = r{xkcy-y-kx) + l{y)l{x) - l{x)l{y) 

= l{y kx — xky) + r{y)r(x) — r{x)r{y). (5.3) 

We call then A* be an almost pre-strnctnrable algebra. Note that if A* is unital in 
addition, then A* is pre-sturcturable. Moreover, setting 

Q{x,y,z) = do{x,ykz) + di{z,xky) + d 2 {y,z-kx) (5.4) 


as before, we call a pre-sturctnrable algebra be structurable when we have Q{x,y,z) = 0 
furthermore. 
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Def.5.2 


Let A* be a involutive algebra. We introduce multiplication operators by (see [A-F,93]) 


A[x, y, z)w := {{w-k x) -k y} 'k z — w 'k {x-k {y'k z)} (5.5a) 

B{x, y, z)w := {{w k x) ky} k z — w k {{x ky) k z} (5.5b) 

C(x, y, z)w := {xk {ijkw)} k z — (x ky) k (w k z) (5.5c) 

C' (x,y, z)w = C(x,y,z)w = {x* {ykw)}k z — (xky) k (w k z) (5.5d) 


for x, y, z,w ^ A*. 

Lemma 5.3 

If A* is an almost pre-structurable algebra, we have 

(1) 

V: z) - A(y, X, z) = A(z, x, y) - A(z, y, x) (5.6a) 

and 

( 2 ) 

B(z,x,y) - B{z, y,x) = C'(y,x,z) - C'(x,y,z). ( 5 . 66 ) 

Conversly, if an involutive algebra A* with dj{x,y)A being given by Eqs.(5.2) and (5.3) 
satishes Eq.(5.6a) or (5.6b), respectively, then the triality relation Eq.(5.1) holds respec¬ 
tively for j = 1 and 2 or for j = 0. 

Proof 

We may easily verify that 

(1) Eq.(5.1) for j = I with do(x, y) = r(xky — ykx) + l(y)l(x) — l(x)l(y) is rewritten as 

{A(w, X, y) - A(w, y, x)}z = {A(x, y, w) - A(y, x, w)}z. 

Similarly, Eq.(5.1) for j = 2 with do(x,y) = l(y kx — x ky) + r(y)r(x) — r(x)r(y) is 
equivalent to the same relation, if we take the involution of the relation. 

(2) Eq.(5.1) for j = 0 is similarly shown to be equivalent to the validity of Eq.(5.6b). □ 

Proposition 5.4(see [A-F,93]) 

Let A* be now a pre-structurable algebra. We then also have 

( 1 ) 

B(x, y, z) - B(y, z, x) = B(z, x, y) - B(z, y, x), (B) 

( 2 ) 

[x - x,y,z] = -[y,x- x,z] = [y,z,x- x], (sk) 

(3) 

[x, y, z] - [y, X, z] = [z, X, y] - [z, y, x] = [z, x, y] - [z, y, x] (A.l) 
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where [x, y, z] is the associate! of A* defined by 

[x,y,z] = {x-ky)-k z - x-k {y-k z). (5.7) 

Proof 

If we note A{x,y,z)e = [x,y,z] for the unit element e of A*, then Eq.(5.6a) becomes 

[x, y, z] - ly, X, z] = [z, X, y] - [z, y, x] (5.6)' 

which is a part of Eq.(Al) consistent with Eq.(5.3). Also from Eq.(5.5), we see 

A{x, y, z)w = B{x, y, z)w — wk [x,y, z] (5.7)' 

so that Eq.(5.6a) together with Eq.(5.6)’ and (5.7)’ gives Eq.(B). 

If we next set y = e in Eq.(B), it yields 

[w, X — x,z] = [w, z,x — x]. 

Taking the involution of this relation, and changing the notation suitably we obtain 
Eq.(sk). Other relations can be similarly proved. □ 

Lemma 5.5 

Let A* be a pre-structurable algebra. Then 

D{x, y) = do{x, y) + di{x, y) + d 2 {x, y) (5.8a) 

is a derivation of A*, satisfying 

D{x,y) = D{x,y) = D{x,y). (5.86) 


Proof 

Form Eqs.(5.2), we see that dj{x,yys satisfy 

dj{x,y) = d 3 -j{x,y) 

and 

do{x, y)z + dQ{y, z)x + do{z, x)y = 0. 

Then, D{x,y) = D{x,y) immediately follows from Eq.(5.8a) and (5.9a). 

We note 

D{x, y)z = zk {xk y — y k x) + y k {xk z) — zk {Jj k x) 

+y k [z k x) — X k iy k z) + {z k x) ky — [z k y) kX. 

by Eqs.(5.2). We then calculate 

{D{x,y) - D{x,y)]z = [z,x,y] - [z,y,x] + [z,y,x\ - [z,x,y] = 0 


(5.9a) 

(5.96) 
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by Eq.(Al) so that we have D{x,y) = D{x,y). Finally, summing over j = 0,1,2 in 
Eq.(5.1), we obtain 


D{x, y){u 'kv) = {D{x, y)u) 'kv)+U'k {D{x, y)v) 

which shows D{x,y) to be a derivation of A* in view of Eq.(5.8b). □ 
We next consider two sets of 


S = {x\x = X, X ^ A*} 

H = {x\x = —X, X e A*}. (5.10) 

Then, if the underlying held F is of characteristic 7 ^ 2, Eq.(sk) indicates that H is a 
generalized alternative nucleus of A*. As the consequence,// is a Malcev algebra with 
respect to the commutor product [x,y]* = x -k y — y 'k a;(see [P-S.04]). 

Theorem 5.6 ([K-0.14]) 

Let A* be a pre-structurable algebra. We then have 

(1) Q{x, y, z)w is totally symmetric in x, y,z,w E A*. 

(2) Q{x, y, z)w = 0 identically, if at least one of x, y, 2 : and w is the unit element e of A*. 

(3) Supose that the underlying held F is of charachteristic 7 ^ 2. Then, Q{x,y, z)w = 0 

identically again, provided that at least one of x, y, z, and w is an element of H. 

(4) Q{x,y,z) = Q(x,y,z) = Q{x,y,z) is a derivation of A*. 

(5) 3Q{x, y, z) = D{x,y kz) + D{y,z kx) + D{z,xk y) 

(6) [Q{x, y, z), Q{u, v, w)] = QiQ{x, y, z)u, v, w)+Q{u, Q{x, y, z)v, w)+Q{u, v, Q{x, y, z)w). 

For the proof of this Theorem, we start from the following Lemma. 

Lemma 5.7 

We have 

Q{x,y,z)e = 0. 


Proof 

We calculate 


Q{x, y, z) = r(x k (zk y)) — r((y k z) kx) + l(zk y)l(x) — l(x)l(y k z) 

-j-l(x k y)l(z) — l(z)l(ykx) + r{z k x)r{y) — r{y)r(x kz), (5-11) 

from Eq.(5.2) and (5.4), so that we obtain 

Q(x, y, z)e =xk(zky) — {y k z) k x + (z ky) kx — x k (y k z) 

+ {x k y) k z — Z k (y kx) + yk (zkx) — (xkz)ky 
= -[x,z,y] - [y,z,x] + [z,y,^ + [x,y,z] = 0 
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byEq.(A.l). □ 

Lemma 5.8 

( 1 ) _ 

Q{x,y,z) = Q{x,z,y) (5.12a) 

( 2 ) _ 

Q{x, y, z){u -kv) = {Q{y, z, x)u} -kv + uic {Q{z, x, y)v}. (5.126) 


Proof 


Eq.(5.12a) is nothing but Eq.(1.37), while we note 

do{x, y -k z){u'k v) = {di{x, y -k z)u} kcv + uic {d 2 {x, y * z)v} 
di{z, X'ky){u krv) = {d 2 {z, X ic y)u} kV + Uic {do{z, X k y)v} 
d 2 {y, Zk x){u kv) = {do{y, Z k x)u} kV + Uk {di{y, Z k x)v}. 

Adding all these relations, we obtain Eq.(5.12b). □ 

We next first set m = e and v = w, and also v = e and u = w in Eq.(5.12b) to find 

Q(x, y, z)w = Q{z, X, y)w = Q{y, z, x)w 


where we used Q{x, y, z)e = 0 by Lemma 5.7. This implies the validity of 

Qix, y, z) = Q{z, X, y) = Q{y, z, x). (5.12c) 

Especially, letting further x ^ y ^ z ^ x, this leads to 

Qiz: X, y) = Qiy, z, x) = Q{x, y, z) (5.12d) 

to be cyclically invariant, and then 

Q{x,y,z) = Q{x,y,z) (5.12e) 


by Eq.(5.12c) again. 

Moreover, since A* is unital, its conjugate algebra A satisfies ex = xe = x so that 
the conditions {B) and {C) of section 1 are automatically satisfied. Especially, A is a 
pre-normal triality algebra, so that Eq.(1.36) holds with 

Q{x,y,z)w = Q{w,y,z)x, 
by Proposition 1.5. We then calculate 

Q{x, y, z)w = Q{w, y, z)x = Q{y, z, w)x = Q{x, z, w)y 
= Q{w, X, z)y = Q{y, x, z)w 

which yields Q{x, y, z) = Q{y, x, z). Together with Eq.(5.12d), these imply that Q{x, y, z)w 
is totally symmetric in x,y,z and w. Then Lemma 5.7 shows that Q{x,y, z)w = 0 if at 
least one of x,y,z and w coincides with the unit element e. Moreover Eqs.(5.12a,b,c), 
and (5.12d) imply also Q{x,y,z) = Q(x,y,z) = Q{x,y,z) to be a derivation of A*. 

In order to prove the statement (3) of Theorem 5.6, we write generic element of S 
and H as Xq and Xi respectively, so that Xq = Xq and aq = —Xi. Then, Q(x,y,z) = 
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Q{x,y,z) yield immediately Q{xi,yi, Zi) = 0 = Q{xo,yo, Zi), provided that the held F is 
of charachteristic 7 ^ 2. Moreover, we note 


Q{xi,yi, zo)wi = Q{xi,yi, wi)zo = 0 , 

and 

Q{xi, yi, zo)wo = Q{xi,wo, zo)yi = 0 

so that we have also Q{xi,yi, Zq) = 0. This proves the statement (3) of the Theorem. 
Also, Eq.(1.35) together with Eq.(5.12d) yields immediately the relation of 

3Q{x, y, z) = D(x,yTz) + F(y, z-k x) + D{z, x-ky). 

Therefore, it remains only to prove the hnal statement ( 6 ). To show it, we note the 
following: 

Lemma 5.9 

Let D be a derivation of A* satisfying D = D, then we have 

[D, Q{u, V, ta)] = Q{Du, v, w) + Q{u, Dv, w) + Q{u, v, Dw). (5.13) 


Proof 

Since H is a derivation of A*, we have 

D{u 'kv) = {Du) 'kV + U'k {Dv) 
which is equivalent to the validity of 

[D, l{u)] = l{Du), [D, r{v)] = r{Dv). 

Moreover, D = D implies Dx = Dx. Then, these are sufficient to prove Eq.(5.13). □ 
Since D = Q{x,y,z) satishes the condition of Lemma 5.9, these give 

[Q{x, y, z), Q{u, V, w)] = Q{Q{x, y, z)u, v, w) + Q{u, Q{x, y, z)v, w) + Q{u, v, Q{x, y, z)w). 

These results complete the proof of Theorem 5.6. 

Remark 5.10 

If we choose D = D{x,y) in Lemma 5.9, we have 
[D{x, y), Q{u, V, w)] = Q{D{x, y)u, v, w) + Q{u, D{x, y)v, w) + Q{u, v, D{x, y)w). (5.14a) 
Moreover, we have also 

[Q{u, V, w), D{x, y)] = D{Q{u, v, w)x, y) + D{x, Q{u, v, w)y) (5.145) 

by the following reason. Since A is a pre-normal triality algebra, we have Eq.(1.20),i.e. 
[dj{u, v), dk{x, y)] = dk{dj_k{u, v)x, y) -h dk{x, dj_k{u, v)y). 
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Letting v ^ v-kw, and then letting m—)- n—)-n—)-w—)■«, these give 

[Q{u, V, w), dk{x, y)] = dk{Q{u, v, w)x, y) + 4(a;, Q{u, v, w)y) (5.15) 

when we further sum over j = 0 , 1,2 and note that Q{u,v,w) is totaly symmetric in 
u,v,w. Finally, summing over k,it gives Eq.(5.14b). 

Proposition 5.11 

Let A* be a pre-structurable algebra over the held F of charachterictic 7 ^ 2, 7 ^ 3. li A* 
is power-associative, then A* is structurable. 

Proof 

For any a E A* satisfying a = a, (he, a E S). we calculate 

Q{a, a, a)a = [a, a * 4]* -|- 3{4 -k — a-k k a)} (5.16a) 

= [a^ k a, a]* -|- 3{a^ k a? — [ak a?) k a} (5.166) 

where we have set = a k a and [x,y]* = x k y — y k x. Note that Eq.(5.16a) fol¬ 
lows immediately from Eq.(5.11) by setting x = y = z = a, while Eq.(5.16b) results 
from taking the involution of Eq.(5.16a). Then, if A* is power-associative, Eq.(5.16) 
implies Q(a,a,a)a = 0. Therefore, linearizing the relation, we obtain Q{x,y, z)w = 0 for 
X, y,z,w E S, since we are assuming the held F to be of charachteristic 7 ^ 2, 7 ^ 3. Together 
with Theorem 5.6, this shows A* to be structurable. □ 

Proposition 5.12([O.05]) 

If a pre-sturucturable algebra A* possesses a symmetric bi-linear non-degenerate form 
< 'I' > satisfying 

< x\y k z >=< y\zkx >=< z\xky >, 

then A* is structurable. 

Proposition 5.13 

Let A* be a pre-structurable algebra and set Aq = {x\x E A*, and Q{u,v,w)x = 
0 for any u,v,w E A*}, then Aq is a structurable algebra. Moreover Aq contains a 
structurable sub-algebra generated by the unit element e and members of H assuming 
2 ^ 0 . 

Proof 

First, we show that Aq is a sub-algebra of A* since we calculate 

Q{u, V, w){xy) = {Q{u, v, w)x)y + x{Q{u, v, w)y) = 0 

for any x,y E Aq to get xy E Aq, by the derivation property of Q{v,u,w). Moreover, 
e E Aq also by Theorem 1.4. Further, if a; G 2 lo,then x E Aq also since 

0 = Q{u, V, w)x = Q{u, V, w)x = Q{u, v, w)x. 

Then, these imply dj(x,y) E End Aq, for x,y E Aq, so that Aq is pre-structurable. Since 
Q{u,v,w) = 0 restricted to Aq, this proves Aq to be structurable. The fact that Aq 
contains a structurable sub-algebra generated by e and H follows from Theorem 5.6. □ 
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We can prove the converse statement of Theorem 5.6 

Theorem 5.14 

Let A* be a unital involutive algebra satisfying 

(i) Q{x, y, z)w is totally symmetric in x, y,z,w G A*. 

(ii) Q{x, y,z) = 0 identically whenever at least one of x, y and z is a element of H. 

(iii) The validity of Eq.(sk). 

Then A* is pre-structurable. 

In order to prove this Theorem, we note the following 

Lemma 5.15 

Under the conditions for A* given in Theorem 5.14, we have 

Qix,y,z) = B{x,y,z) - C{y,x,z) - C{z,x,y) - C'{z,y,x). (5.17) 

Proof 

Eq.(5.11) leads to 

Q{x, y, z)w = W ic {x -k {z icy)} — {w ic (x icz)} ky 
—w k {{y k z) k x} + {w k y) k [z k x) 

—Zk {(y x) + {z ky) k (x k w) 

—X k {(y k z) k w} + {x k y) k (z k w). 

Taking the involution of this relation, we have 

Q{x, y, z)w = {B{z,x, w) — C(x, z, w) — C{w, z,x) — C {w, x, z)}y. (5.18) 

The left-hand side is rewritten as 

Q{x, y, z)w = Q(x, y, z)w = Q(x, w, z)y = Q{x, w, z)y 

since Q{x, y — y,z) = 0. Therefore, Eq.(5.18) is rewritten as 

Q{x, w, z) = B{z,x,w) — C{x, z, w) — C{w, z,x) — C {w, x, z). 

Letting x ^x and w ^W, and noting Q(x, W, z) = Q(x,w, z) this yields 

Q(x, w, z) = B{z, X, w) — C{x, z, w) — C{w, z,x) — C {w, x, z). 

Changing w ^ z ^ x ^ y, this gives Eq.(5.17).n 

Since Q{x,y,z) is totally symmetric in x,y and z, Eq.(5.17) immediately gives 

B{x, y, z) - B{x, z,y) = C {z, y,x)-C {y, z, x), (5.19) 

and 
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(2) 

B{x, y, z)-B{y, x, z) = C{y, x, z)+C{z, x, y)-C{x, y, z)-C{z, y, x)+C'{z, y, x)-C'(z, x, y) 

(5.20) 

from Q{x,y,z) = Q{x,z,y) for Eq.(5.19) and Q{x,y,z) = Q{y,x,z) for Eq.(5.20). More¬ 
over, letting a; -H- 2 : in Eq.(5.19) and adding it to Eq.(5.20), we obtain 

{B{x, y, z) - B{y, x, z) + B{z, y, x) - B{z, x, y)}w 
= -{C{x, y, z) - C{y, x, z) + C(z, y, x) - C(z, x, y)}w 
+{C'(x, y, z) - C'(y, x, z) + C'(z, y, x) - C\z, x, y)}w 

= -{C{x, y, z) - C{y, x, z) + C{x, y, z) - C{z, x, y)}{w - w) (5.21) 

since C'{x, y, z)w = C{x, y, z)w. 

Further, if Eq.(sk) holds, we have (see,[A-F,93]) 

C(x, y, z)(w — w)= B{x, y, z)(w — w) (5.22) 

when we calculate (with s = w —W), 

C(x, y, z)s = {x (y s)} 2 ; — {x ic y) ic (s ic z) 

= —{x (y * s) } -|- {x -k y) 'k [s -k z) 

= {[x, y, s] — (x y) s} * 2 : -|- {xky)k [sk z) 

= [x, y,s]k z - [xky, s, 2 :] = [s, x,y]k z +[s,xk y, z] 

= {(s k x) ky — S k (x ky)} k Z + {s k (x ky)} k Z — S k {(x ky) k zj 
= {(s k x) kyj k z — s k {(x ky) k zj = B(x,y, z)s. 

Then,Eq.(5.21) is rewritten as 

{B(x, y, z) - B{y, x, z) + B{z, y, x) - B{z, x, y)}w 

= -{Bix, y, z) - B{y, x, z) + B{z, y, x) - B{z, x, y)}{w-w). (5.23) 

However, Eq.(5.19) for {x kk z), gives also 

{Biz, y, x) - Biz, X, y)}iw-w) = {C'ix, y, z) - C'iy, x, z)}iw - w) 

= -{Bix, y, z) - Biy, x, z)]iw - w) 


or 

[Bix, y, z) - Biy, x, z) + Biz, y, x) - Biz, x,y)}iw -w) 
which yields Eq.(B),i.e. 

Bix, y, z) - Biy, x, z) + Biz, y, x) - Biz, x,y) = Q (H) 

in view of Eq.(5.23). 

We next set a; = e in Eq.(5.19) to obtaion 

{H(e, y, z) - Bie, z, y)}w = {C'iz, y, e) - C'iy, z, e)}w 


or equivalently 


w, y, z] - [w, z, y] = [y, z, w] - [z, y, w 
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which is one of Eq.(A.l), if we change variables suitably. Then together with Eq.(5.9), 
we hnd the validity of Eq.(5.6a)i.e. 

Mx, y, z) - A{y, z, x) = A(z, X, y) - A(z, y, x). (A) 

Since Eq.(5.6b) is nothing but Eq.(5.19), then Lemma 5.3 show that the A* is an almost 
pre-structurable algebra. But A* is unital by assumption and these prove A* to be pre- 
structurable, This completes the proof of Theorem 5.15.n 

The special case of Q{x, y,z) = 0 identically in Theorem 5.15 immediately reproduces 
(hi) of Theorem 5.5 of [A-F,93] by giving 

Six, y, z) = C{y, x, z) + C{z, x, y) + C'{z, y, x). (X) 


Theorem 5.16 

A necessary and sufficient condition that a unitary involutive algebra A* being struc- 
turable is the validity of Eq.(sk) and Eq.(X) (or equivalently Q{x,y,z) = 0). 

Remark 5.17 

Many interesting unital involution algebra containing Jordan and alternative algebras 
are structurable. It is rather hard to hnd examples of a simple pre-structurable but not 
structurable algebra. 

6. Kantor Triple System and A-ternary Algebra 

Let E be a vector space over a held F, equipped with a tri-linear map 


V 


X ® y ® z ^ xyz. 

(6.1) 

If the triple product xyz satishes 


uv{xyz) = {uvx)yz — x{vuy)z + xy{uvz) 

(6.2) 

for any u,v,x,y,z G V, then {V,xyz) is called a generalized Jordan triple system. More¬ 
over, if it satishes 

xyz = zyx, (6.3) 

then (E, xyz) dehnes a Jordan triple system [J.68]. It is often more 
a multiplication operator L{x,y) G End E by 

convenient to introduce 

L{x, y)z := xyz. 

(6.4) 

Then, Eq.(6.2) is equivalent to a Lie algebra relation of 


[L(m, v), L{x, y)] = L{uvx, y) - L{x, vuy). 

(6.5) 

Moreover, suppose that K(x,y) G End E given by 


K{x, y)z = xzy — yzx 

(6.6) 
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satisfies 


K{K{u, v)x, y) = L(|/, x)K{u, v) + K{u, v)L{x, y). (6.7) 

Then {V^xyz) is called a Kantor triple systems ([Kan.73]). Note that the Jordan triple 
system is a Kantor triple system with K{x,y) = 0. 

Also it is known (see Eq.(7.6)) that the condition Eq.(6.7) is equivalent to 

K{xyz, w) — K{xyw, z) = —K(x, K(z, w)y), ( 6 . 8 ) 


if Eq.(6.5) holds valid. 

A main purpose of this section is to note that a structurable algebra is intimately 
related to the Kantor triple system as is indicated in the following Theorem (see [F.94],[K- 
0 . 10 ]): 

Theorem 6.1 

Let A* be a structurable algeba over a held F of charachteristic ^ 2. If we dehne a 
triple product xyz in the vector space of A* by 

xyz := {z-ky)-kx — {z-kx)-ky + (x-ky)-k z, (6.9) 

then {A*, xyz) is a Kantor triple system such that it satishes 

eex = X, and exe + 2xee = 3a; (6.10) 

for the unit element e of A*. Conversely if {A*, xyz) is a Kantor triple system over a held 
F of charachteristic 7 ^ 2, 7 ^ 3, satisfying Eq.(6.10) for a privileged element e of A*, and if 
we introduce a mapping a; —)■ a; and a bi-linear product x-ky in A* by 

X := 2x — xee, (6.11a) 

X k y := xey — xye + yex, (6.116) 

then {A*,xky) is a structurable algebra with the unit element e and the involution map 
a; —)■ a;. 

First, we shall prove here a slightly weaker theorem in the following. 

Theorem 6.2([O.05]) 

Let A* be normal Lie-related triality algebra (see Def.1.6). Then, the triple product 
in A* dehned by 


xyz := k{l{x k y + y k x) - do{x, y) - d 2 {x, y)}z ( 6 . 12 ) 

for k E F,{k j^O), leads to a generalized Jordan triple system {A*, xyz). 

For a proof of this Theorem, we need the following Lemma. 

Lemma 6.3 

Let A* be a pre-normal Lie related triality algebra. If we set 

Do{x, y) := do(a;, y) + d 2 {x, y), (6.13a) 
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then it satisfies 


[Dq{u, v), Do{x, y)] = Do{Do{u, v)x, y) + Dq{x, Dq{u, v)y). 


(6.136) 


We also have 


[d^-j{x,y) + dj+2{x,y),l{z)] = l{{dj+i{x,y) + d2-j{x,y))z), (6.14a) 

and 

{d^-j{x, y) - dj+2{x, y), /(^)}(+) = l{{dj+i{x, y) - d2-j{x, y))z) (6.146) 

where we have set 

[X, Y]=XY - YX, 

{X,F}+ = XY + YX 

for X, F, e End A*. 

Proof 


By Eq.(1.20), we calculate 

[DQ{u,v),DQ{x,y)] = [do{u,v) + d2{u,v),do{x,y) + d2{x,y)] 

= dQ{{do{u,v) + d2{u,v))x,y) + dQ{x, (do(MX) + d2{u,v))y) 
+d2{{di{u,v) + do{u,v))x,y) + d2{x, {di{u,v) + do{u,v))y). 

Also, we note 

Do{Do{u, v)x, y) = do{Do{u, v)x, y) + d2(^o(M, v)x, y) 

= do{{do{u,v) + d2ijl,v))x,y) + d2((do(M,n) + di{u,v))x,y) 


Do{x, Do{u, v)y) = do{x, Do{u, v)y) + d2{x, Do{u, v)y) 

= do{x, {do{u,v) + d2{u,v))y) + ^(f {do{u,v) + di{u,v))y) 

where we noted Eq.(1.23). These prove Eqs.(6.13b). 

We next rewrite the triality relation Eq.(1.41d) as 


ds-ji^x, y){z -kw) = {dj+i{x, y)z) icw + zic {dj+2{u, v)w) 


which yield 


d3-j{x, y)l{z) = l{dj-i{x, y)z) + l{z)dj+2{x, y). 


Letting x ^ x and y ^ y with j —)■ 1 — j, this is rewritten as 


(6.15) 


dj+ 2 {x,y)l{z) = l{d 2 -j{x,y)z) + l{z)d 3 _j{x,y). 

Adding or sub-tracting both relations, we obtain Eqs.(6.14).n 

After these preparations, we will now proceed to the proof of Theorem 6.2. First, 
choosing j = 0 in Eq.(6.14a) and letting x ^x and y —)■ y, it yields 

[DQ{x,y),l{z)] = l{{di{x,y) + d 2 {x,y))z). (6.16) 

For simplicity, we set 

s = U'kv + V'ku, t = X'ky + y'kx (6-17) 


44 



so that we can write 


L{u,v) = k{l{s) — Dq{u,v)} 
L{x,y) = k{l(t) - Da(x,y)}, 


( 6 . 18 ) 


and calculate 

[L{u,v),L{x,y)] = k‘^[l{s) - Do{u,v)J{t) - Do{x,y)] 

= - [Do{u,v),l{t)] + [Do{x,y),l{s)] + [Do{u,v), Do{x,y)]} 

= k^{[l{s),l{t)] - l{{di(u,v) + d 2 {u,v))t) + l{{di{x,y) + d 2 {x,y))s) 

+Do{Do{u, v)x, y) + Dq{x, Dq{u, v)y)}. (6.19) 

Also 

L{L{u,v)x,y) 

= /c^{/( (/(s) - Do{u,v))x ^y + y -k {{l{s) - Do{u,v))x) ) 

-L>o((/(s) - Do{u,v))x,y)] 

= k"^{l{{s k x) ky + y k {x k s)) — 1 {Dq{u, v)xky + yk Dq{u, v)x) 

-Do{s kx,y) + Dq{Dq{u, v)x, y)} 

and 

L{x,L{v,u)y) 

= k{l{xk L{v, u)y + L{v, u)ykx} — Dq{x, L{v, u)y)} 

= k‘^{l{xk{{l{s) + Do{u,v))y) + (/(s) + Do{u,v))y kx} - Do{x, (/(s) + Do{u,v))y)} 

= k‘^{l{x k (y k s) + {s k y) kx) + l{x k Do{u, v)y) + l{Do{u, v)ykx) 

-Dq{x, Sky)- Do{x, Do{u, v)y)} 

where we noted s = s an L{v,u) = l{s) — Dq{v,u) = l{s) + Dq{u,v). Then setting 
R = [L{u, v), L{x, y)] - L{L{u, v)x, y) + L{x, L(n, u)y), 
we can rewrite it as 

R = k‘^{[l{s),l{t)] + l{w) + Do{skx,y) - Do{x,sky)}, (6.20) 

with 

w = -{di{u,v) + d 2 {u,v))t + (di(T,y) + d 2 {x,y))s 
— {skx)ky — yk(xks) + xk (y k s) + {s k y) kx + J, (6-21) 

where we have set further 

J = {Do{u, v)x) ky + ykO^iu, v)x + xk Dq{u, v)y + v)y) kx. 

We calculate J to be 

J = {doiu, v) + d 2 (u, v))x ky + yk {do(u, v) + di{u, v))x 
+x k {do(lI,v) + di{u, v))y + {do{u, v) + d 2 (u, v))y kx 
= d 2 {u,v){x ky) + di(u,v){x k y) + d 2 {u,v){y k x) + di(u,v){y kx) 

= {di(u, v) + d 2 {u,v)){x ky + y kx) = {di(ll, v) + d 2 {u, v))t. 
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by the triality relation Eq.(1.39c) and Eq.(1.39g). This then leads to w = 0 since we 
calculate 

w = -{di{u,v) + d 2 {u,v))t + {di{x,y) + d 2 {x,y))s 
+{—r{y)r{x) — l{y)l(x) + l{x)l{y) + r(x)r{y)}s 
+ {di{u,v) + d 2 {u,v))t = 0. 

Moreover, we note 
Do{s-kx,y) - Do{x,s-ky) 

= do{s ic x,y) + ^ 2(5 * X, y) — do{x, sicy) — d 2 (x, sicy) 

= —do{y, xic s) — d 2 (x,y -k s) — do{x, y k s) — d 2 {y, sic x) 

= -{Qiv^x^s) - di{s,yTx)} - {Q{x,y,s) - di{s,xicy)} 

= di{s, xicy) + di{s,y ic x) = di{s,x ic y + y k x) = di{s, t) = 
= 

where we used Q{x, y,z) = Q together with s = s and t = t. Therefore we have i? = 0 by 
Eq.(6.20), completing the proof of Theorem 6.2.n 

Remark 6.4 

If we rewrite Eq.(6.12) as 

xyz = k{{x ic y + y ic x) ic z + {zicy) k x — {zic x) ky — do{x, y)z}, 
and note Eq.(1.39d)i.e. 


do{x, y)z + doiy, z)x + d^^z, x)y = 0 , 


this gives 


K{x, y) = k{r{]j)r[x) — r{x)r{y) + l{x ky — yicx) — do{x, y)}. ( 6 . 22 ) 

Hereafter in this section, we assume A* to be structurable over the held F of charachterictic 
7 ^ 2. Then choosing k = ^ and noting 

do{x, y) = r{y)r{x) — r{x)r{y) — l{x icy — yic x), 


Eq.(6.22) gives 


K{x,y) = l{x icy — yic x) (6.23) 

while Eq.(6.12) reproduces Eq.(6.9). We can then prove the validity of Eq.(6.7) as follows: 
Setting now 


S = UicV —VicU = W —W, {w = U ic v), (6.24) 

we have K{u,v) = l{s) so that Eq.(6.7) becomes 


K{sicx,y)z = yx{s 2 :) + s * {xyz) 


or 


{(s * x) y — 1/ * (s x)} = { (s * 2:) x} * ?/ — { (s * 2:) * X + (?/ x) (s * 2:) 

+S k {{z ic y) ic X — {zicx) icy + (x ic y) ic z} 
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by Eq.(6.9) and (6.23). This relation is rewriten as 

{B{x, y, z) - B{z, X, y) + B{z, y, x) - C{y, x, 2 ;)}s = 0 

which is satished in view of Eqs.(B) and (5.22). This proves that {A*,xyz) is a Kantor 
triple system. 

Moreover,Eq.( 6 .10) holds valid by Eq.(6.9). However, the converse statement that 
any Kantor triple system {A*,xyz) satisfying Eq.(6.10) will give a structurable algebra 
requires more calculations. See [F.94] or [K-O.IO] for its proof. 

Remark 6.5 

The structurable algebra has been originally dehned by Allison ([A.78]) in terms of 
the Kantor triple system as in Theorem 6.1. We redehned it in this note as in [K-0.14]. 

It is often more appropriate to consider a triple {A*,X'ky,xyz) by dehning: 

Def.6.6 

A triple {A* ,x ic y,xyz) with a bi-linear product x-k y and a triple product xyz in a 
vector space A* is called an Allison ternary algebra or simply A-ternary algebra, provided 
that we have 

(1) (A* ,xky) is a structurable algebra 

( 2 ) {A*, xyz) is a Kantor triple system 

(3) The triple product xyz is expressed in terms of the bi-linear product by 

xyz = {x k y) k z + {zk y) k X — {z k x) k y. 

Note that both the bi-linear product xk y and the tri-linear one xyz are intimralty 
related to each other as in Theorem 6.1. Other example of such triple are {a, 13, 7 ) ternary 
algebra ([K-O.IO]) based upon unital {a,/3,'y) ternary system as well as some balanced 
(-1,-1)FKTS (see [E-K-O.03 and 05]). 

For the A-ternary algebra, we note that we have 

K{x,y) = d 2 {x,y) - do{x,y) = l{xky-ykx) 

L{x,y) + L{y,x) = l{xky + ykx) (6.25) 

L{x, y) - L{y, x) = -do{x, y) - d 2 {x, y) 

which determine K(x,y) and L{x,y) in terms of dj{x,y) and l{x). 

Conversly, we can express 

l{x + x) = L(e, x) + L{x, e) 
l(x — x) = K{x, e) 

do(x, y) = \{L{y, x) - L{x, y) - K{x, y)] 
d 2 ix, y) = \{K{x, y) - L{x, y) + L{y, x)} 

di{x, y) - di{x, y) = -K{x, y) + K{x, y) (6.26) 

di{x, y) + di{x, y) = L{y, x) - L{x, y) -f L(e, xky)- L{xk y, e). 

These relations will be used to prove some results in the next section. 
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7. Lie algebras and superlagebras associated with (e, 5) Freudenthal-Kantor 
Triple System (FKTS) 

In this section, we first note that the Kantor triple system is a special case of a more 
general {e,6) Frendenthal-Kantor triple system [Y-0.84], (see also [Kam.87] for many 
earlier references on the subject) and second that we can construct Lie or Lie superalgebra 
out of these triple systems. 

Let Y be a vector space over a held F with a triple product xyz. Let the multiplication 
operators L{x,y), and K(x,y) G End V be given by 



L{x, y)z := xyz, K{x, y)z := xzy — 5yzx. 

(7.1) 

If they satisfy 

[L{u, v), L{x, y)] = L{uvx, y) + eL{x, vuy) 

(7.2) 

and 

K{K{u, v)x, y) = Liy, x)K{u, v) — eK{u, v)L{x, y) 

(7.3) 

for any u,v,x,y,E V, then, we call the triple system (y,xyz) be a (^,5) Freudenthal- 
Kantor triple system [Y-0.84], where e and 6 are constants with values either 1 or —1. 


Then, comparing these with Eq.(6.5),(6.6), and (6.7), we see that the Kantor triple system 
is precisely (—1,1) FKTS. Before going into further details, we note that Eq.(7.1) implies 

K{y,x) =-SK{x,y) (7.4) 

while Eq.(7.2) is equivalent to the validity of 

uv{xyz) = {uvx)yz + ex{vuy)z + xy{uvz). (7.5) 

First, we note that Eq.(7.3) can be replaced by 

K{K{u, v)x, y) = K{yxu, v) + K{u, yxv) (7.6) 

under the validity of Eq.(7.2) when we note 

Lemma 7.1 

If Eq.(7.2) holds, we then have 

L(|/, x)K(u, v) — eK{u, v)L{x, y) = K{yxu, v) + K{u, yxv). (7.7) 


Proof 

We calculate 

L{y, x)K{u, v)z — eK{u, v)L{x, y)z 
= yx{uzv — 5vzu) — e{u{xyz)v — 5v{xyz)u}. 

Moreover, we note 

yx{uzv) = {yxu)zv + eu{xyz)v + uz{yxv) 
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by Eq.(7.5) so that 


L(|/, x)K{u, v)z — eK{u, v)L{x, y)z 
= {yxu)zv + eu{xyz)v + uz{yxv) 

—6(yxv)zu — e6v{xyz)u — 6vz{yxu) 

—eu{xyz)v + eSv{xyz)u 
= {yxu)zv + uziyxv) — S(yxv)zu — 6vz{yxu) 

= {{yxu)zv — Svz{yxu)} + {uz{yxv) — S{yxv)zu)} 
= K{yxu, v)z + K{u, yxv)z, 

which yields Eq.(7.7). □ 

Proposition 7.2 

Let {V,xyz) be a (£,5) FKTS. We then have 

K{u,v)K{x,y) 


= eSL{K{u, v)y, x) — eL{K{u, v)x, y) 
= L{v,K{x, y)u) - 5L{u,K{x, y)v) 

for any m, v,x,y E V. 

Proof 

First, let us dehne 


K{V,V) := spa.n{K{x,y),y,x,ye V}. 
Then, for any a G K{V,V), Eq.(7.3) gives 

K{ax, y) = L{y, x)a - eaL{x, y) 


so that 

which is rewritten as 


{ax)zy — 5yz{ax) = yx{(Tz) — ea{xyz) 


(7.8a) 

(7.86) 


(7.9) 


(7.10) 


a{xyz) = —e{ax)zy + eyx{az) + e 6 yz{ax) (7-11) 

since = 1. We then calculate 
aK{x, z)y = a{xyz) — da{zyx) 

= —e{ax)zy + eyx{az) + e5yz{ax) + eS{az)xy — e 6 yz{ax) — e5‘^yx{az) 

= —e{ax)zy + e 6 {az)xy = —eL{ax, z)y + e5L{az, x)y 


which gives 

aK{x,z) = —eL{ax,z) + e 6 L{az,x). 

Letting z ^ y and choosing a = K{u,v), this leads to Eq.(7.8a). 

In order to prove Eq.(7.8b), we note 

[L{u, v), L{x, y)] = L{uvx, y) + eL{x, vuy) 

= —[L[x, y), L{u, v)] = —L{xyu, v) — eL{u, yxv) 
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so that 


( 7 . 12 ) 


L{uvx, y) + eL{x, vuy) + L{xyu, v) + eL{u, yxv) = 0. 

Letting a; -H- m, it also gives 

L{xvu, y) + eL{u, vxy) + L{uyx, v) + eL{x, yuv) = 0. 

Multiplying <5 and subtracting it from Eq.(7.12), we find 

L{uvx — Sxvu, y) + eL{x, vuy — 5yuv) + eL{u, yxv — 5vxy) + L{xyu — 5uyx, v) = 0, 
or 

L{K{u, x)v, y) + eL{x, K{v, y)u) + eL{u, K{y, v)x) + L{K{x, u)y, v) = 0. 
Changing x -H- v and noting K(y,x) = —SK{x,y), this is rewritten as 

L{K{u, v)x, y) — 6L{K{u, v)y, x) = eSL{u, K{x, y)v) — eL{v, K{x, y)u) 
which proves Eq.(7.8b)n 

We can then prove the following (see [K-M-O.IO]). 

Corollary 7.3 
K{x, ?/)’s satisfy 

( 1 ) 

K{z, w)K{x, y)K{u, v) + K{u, v)K{x, y)K{z, w) 

= K{K{z, w)K{x, y)u, v) + K{u, K{z, w)K{x, y)v) (7.13a) 

= eSK{K{z, w)x, K{u, v)y) + eSK{K{u, v)x, K{z, w)y) 

( 2 ) 

\\K(z,w),K(u,v)],K{x,p)] = 

—eK{x, [K{z, w), K(u, v)]y) — eK{[K{z, w), K{u, v)]x, y) (7.136) 

for any m, v, x, y,z,w E V. Especially, if we introduce two triple products in K{V, V) by 

(a) 

{TLi, 772, K,] := K^K^K:, + K.K^K, (7.14a) 

(b) 

[771,772,773] := [[77i, 772], 773 ] (7.146) 

then they dehne a Jordan triple system for {77i, 772, 773 } and a Lie triple system for 
[77i, 772, TsTs], respectivaly for 77i, 772, e 77(E, V). 

Remark 7.4 

Let V = A* he a structurable algebra over the held F of charachteristic 7 ^ 2. Then 
Eq.(6.23) implies K{A*,A*) = 1{H) since x -ke — e-kx = {x — x) G H where H = {x = 
—X, X G A*}. Then corollary 7.3 implies that 1{H) admitts both Jordan triple system 
and Lie triple system for Kj G 1{H) by Eqs.(7.14) with (e, 6) = (—1,1). 

Eqs.(7.8) enables us to prove the following theorem: 

Theorem 7.5 

Let T{e,S) := {V,xyz) be a (e, J)FKTS. Suppose that J G End V satishes 
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( 1 ) 


J{xyz) = {Jx){Jy){Jz) 


(7.156) 


( 2 ) 

= —e(5id (7.156) 

then a new triple product defined by 

[x, y, z] := x{Jy)z — 5y{Jx)z + 5x{Jz)y — y{Jz)x (7-10) 

satisfies 

( 1 ) 

[x,y,z] :=-S[y,x,z] (7.17a) 

( 2 ) 

[x, y, z] + [y, z, x] + [^, x,y] = 0 (7.176) 

( 3 ) 

[u, V, [x, y, ^]] = [[u, V, x],y, z] + [x, [u, v, y],z] + [x, y, [u, v, ^]]. (7.17c) 

In other words, [x, y, z] is a Lie triple system for 6 = 1 and an anti-Lie triple system for 
6 = - 1 . 

For a proof of this Theorem, the readers are reffered to [K-O.OO] or [K-M-O.IO]. We 
note that for the case of the Kantor triple system (e = —1, S = +1), we can chose J = id. 
However, a more interesting case is to consider a larger vector space: 


W = V ^V,otW 



( 7 . 18 ) 


and intorduce a triple product in W by 


f W ^2 W ^3 ^ ^ X1X2X3 \ 

\yi ) \y2 J \ Vs J V y^y^ys J ' 


( 7 . 19 ) 


Then W 



J E End W given by 


H H is also a (e, 6) FKTS, if H is a (e, 6)FKTS. Moreover 



(7.20) 


satisfies the conditions of Eqs.(7.15) in W. 

Then, the resulting Lie or anti-Lie triple system in W is rewritten as 



^ f L{u,y) - SL{x,v), SK{u,x) ^ ^ ^ 

-eK{v,y), eL{y,u) - e6L{v,x) J \ w J ' 

Further, we define a multiplication operator L{Xi,X 2 ) E End W by 

L{X,,X2)X,:= [Xi,X2,X3] 


(7.21) 

(7.22) 
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and set 


(7.23) 


L{W,W) = span{L(Xi,X2),VXi,X2 G W}. 
Then, for any x, y, z, u, v and w E V, D given by 


D 


L{x,y), SK{z,w) 
—eK{u,v), eL{y,x) 


e L{W, W) 


(7.24) 


is a derivation of the triple product [Xi, X 21 by the analogue of Eq.(7.17c) when we 
replace x ^ X, y ^ Y, z ^ Z then, i.e. we have 


D[X,,X2,X,] 


[Ml, X 2 , X 3 ] + [Xi, DX 2 , X 3 ] + [Xi, X 2 , DX,]. 


( 7 . 25 ) 


Further, we set 


Then 


ti = u- = {A'=([^[)Ks6r} 

Lq = {D\D is a derivation of [Xi,X 2 ,X 3 ]}. 


L — Tg (B 


(7.26) 

(7.27) 


is a Lie algebra for <5 = 1, but a Lie superalgebra for 5 = — 1 with Lq and Lj being its 
even and odd part, respectively. Here, we dehne the commutater by (see [Y-0.84]) 


[D, © Xi, ^2 e X 2 ] = ([Z^i, D^l + [Xi, X 2 ]) © ( 7 ^ 1 X 2 


7 ^ 2 X 1 ) 


for 77i, D 2 E Lq and Xi, X 2 G hL = Lj by 


[Di, D2] D1D2 — D2D1 E Lq 


(7.28) 


(7.29) 


and 




/ L{xi,y2) - SL{x2,yi), 6K{xi,X2) 

\ -eK{yi,y2), eL{y2,xi) - eSL{yi,X2) 


E Lq. 


(7.29c) 


However, we will restrict ourselves for a choice of the derivation to be those given by 
Eq.(7.24) and write Eq.(7.27) as 


L = L{W, W) © W. 

Then, L is 5-graded Lie algebra or Lie superalgebra: 

L = L—2 ® L_i © Lq © Li © ©2 


where we have set 



^ \x,y E V} 
xEV} 


(7.30) 


(7.31) 

(7.32a) 

(7.326) 
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Lq = span{ 


.Ik sen 

V 0, eL{y,x) ) 


Li = span{ 


X 


\x e V} 


L 2 = span{|^|j’ ^ \x,y eV}. 


Note 


Lq — L_2 © Lq © ©2 


Lj — L—i © Li. 

If we introduce operators 9 and a(A) for A G F, A 7 ^ 0 in End(L) by 


9 


a(A) 


-£y 

6x 


\x 

y/^J^ 


(7.32c) 

(7.32d) 

(7.32e) 

(7.33a) 

(7.336) 

(7.34a) 

(7.346) 


it is easy to see that they are automorphysm of [W, W, hh],i-e. we have for example 


9{[X,,X2,X,]) = [9X,,9X2,9X,]. 

Extending these actions to the whole of L in a natural way, we hnd also that they are 
also automorphysm of the Lie algebra or Lie superalgebra L. Moreover, they satisfy 

( 1 ) 6 *^ = id, a{l) = id 

(2) 6*^ = —e5 id for Lj and 6*^ = id for Lg 

(3) a{y)a{v) = a{yv), {y, u e F, yu ^ 0) 

(4) a{X)9a{X) = 9, for any A G F, A 7 ^ 0. 


Conversely, for any 5-graded Lie algebra or Lie super-algebra L satisfying these con¬ 
ditions, A = Lj with a triple product given by 

{X,Y,Z}-.= [[X,9Y],Z] 

for any X,Y, Z E A = Lj, essentially dehne a (e,(5)FKTS (see [E-K-0.13]). 

After these preparations, we shall now restrict ourselves to the case of Kantor triple 
system derived from a structurable algebra A*. Then, we can construct Lie algebras 
in the two defferent ways: one as in the present-section, and the second one from the 
structurable algebra as in section 3. A question will arise for relationship between these 
two Lie algebras. We will show next that we can construct a Lie algebra given in section 
3 from that of the present section for a A-ternary algebra {A* ,x-k y,xyz). 

Theorem7.6 
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Let {A*,x ic y,xyz) be a A-ternary algebra. Regarding {A*,X'ky) as a Kantor triple 
system, we contruct a Lie algebra 

L = L{W, W)QW (7.35) 

as in Eqs(7.28), and (7.29). 

For any non-zero constant a, /3,k G F, we introduce raties 71/73 and 72/73 for 7 ^ G F 
by 

( 1 ) 

72/73 = -2af3 (7.36) 

( 2 ) 

(73)V7i72 = -k^ 

and introduce Pj{x) and Tj{x,y) (j = 0,1,2) by 

= {7x)' = ( -m )• 

and 

T-(^ ( Oi7idj+7^^y) + di-ji^,y)), a^{dj+i{x,y)-di-j(x,y)) \ o 7 „n 

^ ’ 72 V a/5(dj+i(a;,|/)+ di_j(x,li)) y 

for j = 0,1,2. 

We then can show that both Pj{x) and Tj{x,y) are elements of L{W,W) © W, and 
satisfy the Lie algebra relations given in section 3. Moreover, they satisfy Eq.(3.12b), i.e. 

To{x,y^) + Ti{z,FTy) + T 2 {y,FTx) = 0. 

Since the proof of this Theorem is lengthy, we will not go into it, (see [K-0.13]). 
Here,we simply mention that we utilized Eqs.(6.14), (6.25) and (6.26) for the purpose. 

We also note that the choice of 70 = 71 = 72 = 1 requires /c^ = — 1 and a/S = — | by 
Eq.(7.36). Then the underlying field F must contain the square root of —1. 

8. RCi-graded Lie Algebra of Type Bi 

As we noted in the previous sections, any A-ternary algebra admitts two constructions 
of Lie algebras: The one given in section 3 exhibits the triality, but not the 5-graded 
structure, while the other one based upon the standard construction for (e, (5)FKTS in 
section 7 manifests the explicit 5-graded nature but not the triality. 

Here in this section, we will show that the second method can be used to prove that 
its associated Lie algebra L is a RCi-graded Lie algebra of type Bi ([Be-S.03]), i.e., there 
exists a sub-Lie algebra s/(2) of L such that L regarded as the sl{2) module is a direct 
sum of trivial, 3-dimensional, and 5-dimensional modules of sl{2). 

Let {A*, x-ky, xyz) be an A-ternary algebra with the unit element e for the structurable 
algebra {A*,xky) so that it satishes 

eex = X, 2xee + exe = 3x. (8.1) 
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Following [K-O.IO] or [E-K-0,13], let R, M E End A* be defined by 



Rx = xee, Mx = exe 

( 8 . 2 ) 

so that Eq.(8.1) gives 

M + 2R = Sid. 

(8.3) 

We then have, (assuming 2 7 ^ 0, hereafter.) 


Lemma 8.1 

(1) 

L{xye,e) = L{e,yxe) 

(8.4a) 

(2) 

L{Rx, e) = L(e, Mx) 

{8.4b) 

(3) 

L{Mx, e) = L(e, Rx) 

(8.4c) 

(4) 

= R^ 

(8.4d) 

( 5 ) 

K{x, e)e = {R — l)x 

(8.4e) 

(6) 

1 

K{x,y) = -K{K{x,y)e,e). 

(8.4/) 

(7) 

{R-1){R-S) = 0 

(8.4.?) 


Proof 

Setting X = y = e we have 

[L{u, v), L{e, e)] = L{uve, e) — L(e, vue). 

Moreover, eex = x implies 

L(e, e) = id (= 1) 

so that it yields Eq.(8.4a) by changing u ^ x and v ^ y. Then Eqs.(8.4b) and (8.4c) are 
special cases of Eq.(8.4a) for either x = e or y = e. 

In order to prove Eq.(8.4d),Eq.(6.2) gives 

xe{eee) = {xee)ee — e{exe)e + ee{xee) 

which is rewritten as 

Rx = R^x — M‘^x + Rx 
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Moreover, Eq.(6.6) leads to K{x, e)e = xee — eex = {R— l)x i.e. Eq.(8.4e). 
Similarly, we find 

K(K(u, v)e, e) = L{e, e)K{u, v) + K{u, v)L{e, e) = 2K{u, v) 
from Eq.(6.7) to give Eq.(8.4d). Finally, from Eqs.(8.4e) and (8.4d), we calculate 

(R — l)x = K{x, e)e = -K{K{x, e)e, e)e = -(/? — l)K{x, e)e = -{R— l^x, 

so that R — 1 = — 1)^ or (R — 1){R — 3) = 0 as in Eq.(8.4e). Note that this relation 

is consistent with = R^ in Eq.(8.3). □ 

In view of Eq.(8.4g), (i? — l)(i? — 3) = 0, we can decompose A* as in 

A* = El © Es (8.5) 


where we have set 

El = {x\Rx = X, X e A*} ( 8 . 6 a) 

E 3 = {x\Rx = 3x, X E A*}. ( 8 . 66 ) 

For the details of this decomposition, see also ([K-K.03]). Moreover by Eq.(6.11a), we 
have 

X = (2 — R)x, 

so that we can rewrite Eqs.( 8 . 6 ) also as 


El = {x\x = x,x E A*}, 
E 3 = {x\x = —x,x E A*}. 


(8.7) 

( 8 . 80 ) 


We next set 


h = 


L(e,e), 0 

0 , -L{e,e) 


1 0 
0 -1 


/ = 


9 = 


(8.9a) 


(8.96) 


We see then f,g E W and h E L{W,W) so that they are elements of the Lie algebra 
L(W, W) © W. Moreover, they satisfy the sl{2) Lie relations of 


since we calculate 


[h, /] = /, [h, g] = -g, [/, g] = h 

= f 


( 8 . 10 ) 


[h, f] = 

[h, g] = 


and 


1 0 
0 -1 

1 0 
0 -1 


[/> 9] = 


0 


= -9 


0 


L(e, e) — L(e, 0), K{e,0) 

K{0,e), -L(e, e) + L(0, e) 


1 0 
0 -1 


= h. 
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( 8 . 11 ) 


by Eqs.(7.28) and (7.29). 

We note moreover that we have 


K{x, e) = 0 , if a; G Ih, 


since we calculate 


K{x,e) = l{x -k e — e-k x) = l{x — x). 

Then, Eq.(8.4) implies 

K{A\A*) = KiVs,e). ( 8 . 12 ) 

We can now construct 5-dimentional modules M 5 and 3-dimensional M 3 of the sl{2) by . 

M,= 


span < 


L{x,e), 0 


0 J^\x 

for X G V 3 satisfying x = —x, and 


X \ f 0, K{x, e) 


-L(e,a;);’V O/’V 0, 0 


span < 


X I ' \0, 


M3 = 

L{x,e), 0 


-L{e,x) \ 0 


(8.13) 


(8.14) 


for X G Vi, satisfying x = x. (Note K{x, e) = 0 for x G W-) 

We further note that 

(1) \ix = x, then Rx = x, Mx = x, and L{x, e) = L(e, x) 

(2) If T = —X, then Rx = 3x, Mx = —3a;, and L(a;, e) = —T(e, a;) 

by Eqs.(8.4b) and (8.4c), assuming the underlying held F to be of charachteristic 7 ^ 3 in 
addition. Especially, we need not consider elements of L of form 

( L{e,x), 0 \ 

0, -L(a;,e) ) ' 

Finally, the trivial modules can be constructed as follows. 

For any x,y E A*, we set 

u = ]^{R-l){xye) G E 3 


We then have 


Then 



- 3){xye) i 

= w. 

(8.15) 

L(M,e), 

0 , 

0 

—L(e, u) 

^ GMs 

( 8 .I 60 ) 

L(t;,e), 

0 , 

0 

-L(e,n) 

^ G M3. 

(8.166) 

x,y), 

0 , 

1 

0 

1 

O0| 

1 

(8.17) 
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can be verified to be elements of the trivial modules of the sl{2). Then rewriting 


(0.''*’ -L(l X)) =«+ 

together with K{A*,A*) = K(y 3 ,e), we have 

Ml 1= {f ^ l<#'(e) = </>'(e) = 0, e L(M,^-)}, 

and we obtain 

L = L(W, IT) © IT = Ml © Ms © Mg. 

Therefore, we have found: 

Proposition 8.2 

Let (A*,x^p, xyz) be an A-ternary algebra over the field F of charachteristic 7 ^ 2, 7 ^ 3. 
Then, its associated Lie algebra is a -BCi-graded Lie algebra of type Bi. 

If we assume for simplicity the field F to be an algebraically closed field of charach¬ 
teristic zero, then we can show conversely that any i^Ci-graded Lie algebra of type Bi 
can be constructed from some A-ternary algebra. For this purpose, it is convenient to 
use the terminology familiar in the angular momentum algebra in Quantum Mechanics 
(e.g.[C-D-L.77]) by setting 

Js = h, J+ = V2f, J_ = V2g (8.18) 

which satisfy 

[J3,J±\ = ±J±, [</+,</-] = 2 J 3 . (8.19) 

We write the generic irreducible state as 

= |j,m;a > (8.20) 

for j = 0,1,2, corresponding to the trivial, 3-dimensional, and 5-dimensional modules, 
while the sub-quantum number m can assume 2j + 1 values of j, j — 1 , • • •, — (j — 1 ), —j. 

Also, a in Eq.(8.20) simply designates other labels. For example, we may identify a = x, 

satisfying x = —x or x = +x for modules M 5 and M 3 in Eqs.(8.13) and (8.14). We note 
the commutation relations of 


[J3, <l>(j, m; a)] = m^{j, m; a), 

[J±,4>(j,m;a)] = ±v^ © m)(j ± m + l)‘F(j, m ± 1; a). 
Now, the i?Ci-graded Lie algebra of type Bi is then 5-graded as in 

L = g_ 2 ® g-i © fi'o ® S'! ® fl '2 

when we set 

Qm = = 0) =tl, ±2), X G L}. 

Moreover, 9 given by 

(-l)^-”^<h(j,-m,a) 


( 8 . 21 ) 

( 8 . 22 ) 

(8.23) 


9 : <h(j, m; a) 


(8.24) 



is an automorphism of L of order 2, letting g^n -H- Especially, we note 

e-.h^-h, f ^ g. (8.25) 

Then, by Theorem 4.1 of [E-K-0.13], A = gi becomes a Kantor triple system with respect 
to the triple product 

xyz=[[x,e{y)],z\ (8.26) 

for x,y, z ^ gi- Noting / = ^ J+ G ( 71 , we calculate then 

ffx = xff = fxf = X, for X = $( 1 , 1 ,; a) e gi 

and 

ffx = X, xff = -fxf = 3x for X = $(2,1; a) E gi, 

so that they satisfy the condition of Eq.(6.10) for e = /. Therefore, by Theorem 6.1, 
gi = A becomes a A-ternary algebra. 

Remark 8.3 

We can relax the condition in Proposition 8.2 and others as in [E-K-0.13], although 
we will not go into its detail. Also, an analogous theorem on Lie superalgebra associated 
with (—1, —1) Freudenthal-Kantor triple system is given there. Similarly, some class of 
(1,1)FKTS lead to ROi-graded Lie algebra of type Ci as well to a ternary system called 
a J-ternary algebra (see [E-0.11], and [A-B-G.02]). 

9. Final Comments 

In the previous sections, we have studied relationship between the structurable algebra 
and the Kantor triple system. Since other (e, 5) FKTS do not appear to have a direct 
connection to the triality relation, we did not discuss other (e, 5) FKTS. Here, we simply 
mention that some (—1, —1) FKTS have been used to construct exceptional Lie superal¬ 
gebra Zi)(2, 1 ;q;), G(3), and F{A) (see [K-O.03], [E-K-O.03] and [E-K-O.05]). Also, some 
connections exist between (1,1) and (—1,1)FKTS ([E-K-0.13]). 

The triality relations discussed in this note are of a local type. If aj E Epi{A) for 
j = 0 , 1,2 satisfy 

aj{xy) = {aj+ix){aj+2y), (9.1) 

in contrast to Eq.(l.l), it is called a global triality relation, and 

G = {afajixy) = {aj+ix){aj+ 2 y), Vj = 0,1,2, W,x,y E A} (9.2) 

is a group (in general a Lie group) instead of a Lie algebra, which may be called triality 
group. Here, the indices over j are defined modulo 3. Its general structure is harder to 
analyze, and has not been studied much. Here, we will give a example based upon the 
symmetric composition algebra (see Example 2.2) satisfying 

x{yx) = {xy)x =< x\x > y (9.3) 

where < -I- > is a symmetric bi-linear non-degenerate form in A. For any two elements 
a,h E A satisfying < a|a >=< b\b >= 1, we set a = Oi, and 6 = 02 and dehne 03 by 
03 = 0102 . We then End 

OjOj_|_i = Oj_|_ 2 , < ttjlttj >= 1 (9.4) 
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for j = 1,2,3, where the indices over j is dehned again modulo 3, i.e. aj±s = aj. 
Introducing the multiplication operators L{x) and R{x) again by 

L{x)y = xy, R{x)y = yx 

we set 

(7j(^Q^ 

= L{aj+2)L{aj+i), 

for j = 1, 2, 3. We can then show the validity of 

(i) 

(Tj{a){xy) = {aj+i{a)x){aj+ 2 {a)y) 

(ii) 

Oj{a){xy) = { 6 j+i{a)x){ 6 j+ 2 {a)y) 

(iii) 

aj{a)9j{a) = 9j{a)aj{a) = 1 

(iv) 

9j{a)9j+i{a)9j+2{a) = aj+2{a)(Tj+i{a)(Tj{a) = 1 {9.7d) 

(v) 

< aj{a)x\y >=< x\9j{a)y > (9.7e) 

(vi) 

< aj{a)x\aj{a)y >=< 9j{a)x\9j{a)y >=< x\y > . ( 9 - 7 /) 

Especially, both aj{a) and 9j{a) satisfy the global triality relation. The details will be 
given elsewhere. 
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